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Abstract

Reed-Solomon code is nowadays broadly used in many fields of data trans-
mission. Using of error correction codes is divided into two main operations:
information coding before sending information into communication channel
and decoding received information at the other side. There are vast of decod-
ing algorithms of Reed-Solomon codes, which have specific features. There is
needed knowledge of features of algorithms to choose correct algorithm which
satisfies requirements of system. There are evaluated cyclic decoding algo-
rithm, Peterson-Gorenstein-Zierler algorithm, Berlekamp-Massey algorithm,
Sugiyama algorithm with erasures and without erasures and Guruswami-
Sudan algorithm. There was done implementation of algorithms in software
and in hardware. Simulation of implemented algorithms was performed. Al-
gorithms were evaluated and there were proposed methods to improve their
work.
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1. Introduction

With evolution of digital systems, the communication channels transport
more and more data. This data may be affected by harmful factors like
damping or interference. When this happens, then information which was
transferred may be corrupted. To provide better performance for data trans-
fer there can be used error-correction codes. FError-correction coding is a
technique of adding redundance to transmitted data in order to detect and
possibly repair damaged received data. Data must be encoded before send-
ing into communication channel and decoded at the other end. There were
devised several error-correction codes like Golay code, Goppa code, Turbo
code, Hamming code, Reed-Solomon code etc. Main focus in the master the-
sis lies on decoding algorithms of Reed-Solomon code. Reed-Solomon code
is widely used in CDs, DVDs, Blu-Ray, DSL, WiMAX or RAID 6.

Reed-Solomon code was invented in 1960 [1]. The RS(n,k), where n
denotes length of codeword, k denotes number of data symbols and there
are n — k control symbols is able theoretically to correct up to t = ”T_k er-
rors. Reed-Solomon code may be seen as non-binary BCH (Bose- Chaudhuri-
Hocquenghem) code and particular decoding algorithms for BCH code can
be used together for Reed-Solomon code. Reed-Solomon code is also cyclic
code, so decoding algorithms for cyclic codes can be used. In 1960 [2] Peter-
son presented a method for decoding BCH codes and in 1961 [3] Gorenstein
and Zierler tailored Peterson’s method to Reed-Solomon code’s purpose. In
1968 [4] Berlekamp presented an algorithm which was simplified by Massey
in 1969 [5]. In 1975 [14] Sugiyama et al. invented another algorithm for
decoding Reed-Solomon codewords. All these algorithms have in common
that they employ error-locator polynomials to produce the result, but they
do this step in a different way. They are called bounded distance decoding
algorithms, because they produce one unique result.

In 1997 Sudan developed algorithm for decoding Reed-Solomon code-
words, which was improved by Sudan and Guruswami in 1999 [7]. This
algorithm, in contradistinction to bounded distance decoding algorithms,
generates list of codewords within given range from decoded word. In 2003
Koetter and Vardy presented modification of Guruswami-Sudan algorithm
to employ soft-decoding [19].

Algorithms are characterized by different computational complexity which
is dependent on number of information and control elements in a codeword,
degree of scalability, memory requirements, performance of processing, type
of given output, suitability to use in multithreaded environment or vector-
ization. There are different environments where decoding algorithms may



be used. Some of them are personal computers, industry computers, em-
bedded systems, specific assembled hardware devices etc. Each of them are
characterized by specific requirements and impose several contraints.

Implementation of decoding algorithms both in hardware and software
may be accomplished in different ways. To construct decoder there can be
used several mechanisms and algorithms which usually come from algebra
domain. Algorithms are built with use of Galois field arithmetic which in-
cludes basic operations like addition, multiplication and calculation of field
elements and operations which involve addition, multiplication, division and
calculation of division’s remainder for polynomials. There are vast of elec-
tronical elements, which may be used to construct hardware decoder.

However this is not simple task to build efficient decoder, when there
are several ways to implement it. Furthermore, there are different types
of algorithms, including bounded distance decoding algorithms, list decod-
ing algorithms and soft decoding algorithms and there may be confusion to
choose right one without knowing their characteristics of processing. Analy-
sis of complexity and scalability is done to find out the main advantages and
disadvantages of algorithms. There will be processed evaluation of presented
solutions of implementation of algorithms.

1.1 Structure of document

Master thesis report is divided into several chapters. First is presented in-
formation about Galois fields. There are described what are Galois fields, how
arithmetic operations work for them, how can be they represented in com-
puter systems. Next chapter describes Reed-Solomon codes. There are given
two definitions of Reed-Solomon code and is shown that these definitions
generate the same code. Next chapter presents decoding algorithms. First is
given introduction to basic decoding methods like complete decoder, standard
array and syndrome decoding, then cyclic decoding, Peterson-Gorenstein-
Zierler algorithm, Berlekamp-Massey algorithm, Sugiyama algorithm. There
are described also auxiliary like Chien search and Forney algorithm. There
is described modified Sugiyama algorithm which employs decoding with era-
sures. Last sections in the chapter presents Guruswami-Sudan algorithm.
Guruswami-Sudan algorithm can employ Koétter algorithm for polynomial
interpolation, Roth-Ruckenstein algorithm for polynomial factorization and
Kotter-Vardy algorithm for transformation of soft information to hard infor-
mation. Next chapter gives overview how algorithms were implemented both
in software and hardware. Next, there are chapters which describe simula-



tion environment, results from experiments and evaluation of results. Last
chapter includes conclusions and future work topics.

1.2 Research questions

There are several decoding algorithms of Reed-Solomon code and they
differ in their features like computional complexity and error-correction ca-
pability. Other factors which influence work of algorithms are number of
occured error, codeword length, number of control elements etc. Construct-
ing decoder, there can be defined several requirements like time of decoding,
ability to decoding specific number of errors or complexity of algorithm. First
research question which is used to solve this problem is:

1. What are the features of scalability and complexity of
implemented algorithms?

Decoding algorithms usually consist of several steps. Some of these steps
can be executed by different algorithms. Algorithms may be also modified
in order to improve their work. Question which is used to find what can be
done to improve algorithm work on algorithm level is:

2. What mathematical functions and modifications on algorithm
level can improve performance of decoding algorithms?

Work of algorithms can be also improved by using features of software
and hardware. Some steps of algorithms can be done by parallel units or
for instance some precomputed data may be used to decrease time of decod-
ing. Question which is used to find what can be done to improve work of
algorithms on software and hardware level is:

3. Which features of software and hardware can improve per-
formance of decoding algorithms?

1.3 Aims and objectives

Aim of the master thesis is to evaluate implemented decoders of Reed-
Solomon code under criteria of scalability and complexity.

There are following objectives which are fullfiled in order to answer re-
search questions:

e preparation of mathematical functions which concern mainly Galois
fields, polynomial arithmetic, matrices and vectors.

e implementation of algorithms in software and hardware,

e finding out improvements for algorithms,

e simulation of proposed solutions in simulator,



e cvaluation of proposed solutions in terms of complexity and scalability.

1.4 Research methodology

To get overview of current knowledge in decoding algorithms of Reed-
Solomon code area, background study is done. Main research method used in
the master thesis is an experiment. To get done experiment, algorithms from
given set must be implemented. Set consists of Peterson-Gorenstein-Zierler
algorithm, Berlekamp-Massey algorithm, Sugiyama algorithm, Guruswami-
Sudan algorithm. Hard-decision algorithms which include Peterson-Gorenstein-
Zierler algorithm, Berlekamp-Massey algorithm, Sugiyama algorithm, Guruswami-
Sudan algorithm are popular methods for decoding Reed-Solomon words [26]
and Koetter-Vardy algorithm is a popular soft-decision algorithm [21]. That
was the criterion to complete the set. There is created list of criteria under
which algorithms and decoders will be compared. Implementation is done
in C++ programming language. First are implemented basic mathematical
functions which include arithmetic of Galois field, arithmetic of polynomials,
functions needed for operations with matrices and vectors. After this step,
implementation of selected decoding algorithms is done. To provide useful
information how algorithms work in software, simulator is created. Simula-
tor allows to define Galois fields of characteristic 2 and of chosen exstension,
create Reed-Solomon code of given number of information words and con-
trol words, choose number of random selected errors. The other advantage
of simulator is that it can be used to validate correctness of implemented
algorithms. Simulator may gather information like time of decoding of re-
ceived word, how much memory was used during decoding process, whether
received word was correctly decoded. Implementation of decoding algorithms
in hardware is preceded by design of decoder. The most popular decoding al-
gorithms used in hardware employ error locator polynomials to compute the
result of decoding [27]. Peterson-Gorenstein-Zierler algorithm, Berlekamp-
Massey algorithm, Sugiyama algorithm use error locator polynomials during
decoding operation. There must be chosen which electronic elements can
be used and how to solve construction of decoder. Implementation is done
in VHDL language. Correctness of developed algorithms is checked in ISim
simulator which provides valuable information about time of decoding, result
of decoding. Evaluation of decoding algorithms is mainly based on results
delivered in simulation process conducted in software and information gath-
ered from simulator ISim.

Independent variables of experiment are:

e length of codeword,



number of control elements,

number of occured errors,

noise in the communication channel,
number of threads.

Dependent variables are:

time of decoding,

memory required,

status of decoding (no errors, corrected, not correctable),

quality of decoding (correctness of decoding, number of results in list
decoding),

complexity of decoder (number of executed loops, number of electronic
elements in circuit).

To evaluate scalability of algorithms, independent variables of experiment
are manipulated. Algorithms’ processing may (but not must) vary with dif-
ferent values of number of errors, length of codeword, number of control
elements etc. Threads may be used to lessen processing time of decoding.
Number of control elements and length of codeword may affect complexity
of hardware decoder, because mostly of length of registers. As a result of
experiment there will be given an answer how these independent variables
affect dependent variables. Simulator is used to provide information about
processing of algorithms. Gathered data will be evaluated in relation to
scalability and complexity.

Threats to internal validity:

implementation of algorithms is affected by programming skills of pro-
grammer, so the theoretical decoding process may be different than
real life decoding process. That’s why there is not compared exact
time of decoding between different algorithms, but complexity - how
working of algorithms is affected by independent variables.

there can occur confounding variables during testing, for example ex-
changing content of cache memory can affect working of big data struc-
tures, while it is not problem for small data structures.

Threats to external validity:

there is evaluated set of Reed-Solomon codes, but not all codes are
included in this set, because there is no time to evaluate them all.
Codes to evaluate are chosen so, that there are representatives from
Reed-Solomon codes of length 7, 15, 31, 63. Using longer codes takes
too much time to evaluate them.

algorithms are implemented on x86 machine and they use specific fea-
tures of this hardware. However, there are no tested on other machines,
whose features may affect decoding process.

10



e disrupting of received vector from communication channel is occured
by noise. The method used for noise generation is designed by author
of master thesis. However there are some “standard” channel mod-
els like AWGN (Additive White Gaussian Noise) etc., where decoding
algorithm can work differently.

11



2. Galois fields

2.1 Introduction

Reed-Solomon codes use as code symbols elements from extended fields
which are also known as extended Galois fields [9]. Galois field is a finite
set of elements with defined operations of addition and multiplication, which
has following properties:

e result of adding or multiplying two elements in Galois field is an element

in the same Galois field,

e identity element of addition is 0, each element in Galois field has ad-

ditive inverse,

e identity element of multiplication is 1, each element in Galois field has

multiplicative inverse,

e addition and multiplication are commutative and associative,

e multiplication distributes over addition.

Galois field which consists of ¢ elements is denoted as GF(q). Number of
elements of GF(q) is p™, where p is a prime number which is called charac-
teristic of field, and m is called extension order. Field A is extension of field
B, if field B is a subfield of field A. Subfield of field A is field B, if each
element of field B lies in the field A and properties of the field B are satisfied
for operations of addition and multiplication which come from field A.

Following set describes elements in GF'(q):

{0,a%at,..., 0%} ={0,1,q,...,a" %}

Element « in GF(p™) is the root of primitive polynomial w(z) of degree
m with coefficients from field GF(p). A primitve polynomial w(z) is irre-
ducible and divides polynomial ™+ 1, where n = p™ —1, and does not divide
any polynomial x* + 1, where z < n. Polynomial w(z) of degree m is irre-
ducible, if it is not divided by any polynomial of degree z, where 0 < z < m.
Roots of polynomial w(x) of degree m with coefficients from GF(p) are all
primitive elements of GF(p™). Primitive elements of GF(p™) are defined
as elements, which has multiplicative order equal to p™ — 1. Multiplicative
order of element o' is such natural number r, which satisfies (a')" = 1 for
0 <1 < q— 2. Reciprocal polynomials of primitive polynomials are also
primitive polynomials. Reciprocal polynomial for polynomial w(zx) of degree

m satisfies:

(L)

w*(z) =

12



If reciprocal polynomial is identical to original polynomial, then such poly-
nomial is called self-reciprocal.

2.2 Representation of elements in GF(2")

Reed-Solomon codes are often based on Galois field of characteristic 2, be-
cause elements in GF'(2™) can be expressed as binary vectors, and arithmetic
units for binary elements in GF'(2) can be used.

2.2.1 Polynomial representation

Elements in GF'(2™) can be expressed as [9]:
o' = R)(z) = 2 mod p(x)

where p(z) is primitive polynomial over GF'(2™). Element o' in GF(2™) can
be expressed as m-dimensional vector of binary coefficients of polynomial
R (z) — (R R . R R This method is often used in dig-
ital technology. Element 0 — R(®)(z) is represented as m-dimensional vector
filled with zeroes.

Addition

Adding two elements in GF'(2™) in polynomial representation can be done
with XOR function:

m—1
o' +al — Z(Rff‘l) @® R z"
n=0
Furthermore:

O+a'=a'+0=a

Choice of primitive polynomial affects addition operations GF'(2™).

Ezxample 2.1.

Field GF(8) can be created by primitive polynomials:

pi(x) =23+ 2+ 1 and py(x) = 2% + 22 + 1. Polynomial py(z) is reciprocal
polynomial of p;(z). For field created by p;(z) is true that o® = a + 1, and
for field created by py(z) is true that o® = o + 1.

13



Subtraction

Subtraction is equivalent to addition in fields of characterstic 2.
o' +al =a —ad

Multiplication

Multiplication of two elements in GF'(2™) for polynomial representation
is done as follows:
Furthermore, true is that:

Division

Division of two elements in GF'(2™) for polynomial representation is done
as follows:

@ —j
— = -

o

Additive inverse

Each element in GF'(2™) is also own additive inverse:
O

Multiplicative inverse

In GF(2™) multiplicative inverse can be expressed as:

P for 1< <2m -2,
(8 =
1 for ¢ = 0.

Element 0 doesn’t have multiplicative inverse.

2.2.2 Positive integer representation

Elements in GF'(2™) can be expressed as [9]:
o' = N©@) =log, (@) +1=i+1
Element 0 is express as N© = 0.

14



Addition

Addition of two elements in GF'(2™) in positive integer representation is
as follows:

o' +al —

(N@) 4 Z(N©@) — N@)y — 1) mod (2" — 1) +1 for i > 7,
for ¢ = j.

Z(N©@)) denotes Zech logarithm for element o
Furthermore, true is that:

O+a'=a'+0=2a

Multiplication

Multiplication of two elements in GF'(2™) in positive integer representa-
tion is as follows:

o' = (N@ 4+ N —2)mod (2™ — 1) + 1
Furthermore, true is that:
0-a'=0a"-0=0

Principles for subtraction, division, additive inverse and multiplicative
inverse are the same as for polynomial representation.

2.2.3 Vector representation

There is given following primitive polynomial: Dany jest wielomian pier-
wotny
P(@) = pma™ 4 Pma2™ T+ i+ po,

which can be used for creation of GF(2™). With this primitive polynomial
generated is periodic sequence, which can be used for representation of ele-
ments in GF(2™) [9]. Equation for j+m’s element s;,, of periodic sequence
is as follows:

Sjtm = Sj+m—1Pj+m—1 T Sjtm—2Dj+m-2 + ... + S;P;

At the beginning of algorithm there must be stated which element ini-
tializes sequence. During writing this master thesis, following elements were
used:so =1, =0, =0,..., 8,1 =0.

Representation of elements in GF(2™) is as follows:

15



e clement 0 is denoted as m-dimensional vector of zeroes — (0,0,...,0),
————

m
e clement of for 0 < ¢ < 2™ — 2 is denoted as following vector —

(85 Sit1s Sid2y -+ Sigm—1)-
Addition in vector representation is done the same as for polynomial
representation, but method for multiplication for polynomial representation
cannot be used for vector representation.

2.3 Zech logarithms

Zech logarithms can be used for addition of elements in GF(2™) in loga-
rithmic domain [9]. Zech logarithm is defined as:

?® =14 a® Z(z) = log, (1 + o)
Addition of two elements in GF'(2™) can be done as follows:
o'+ =a(1+a/7h) = alq?U=0 = o201

For GF(2™) it is assumed that Z(0) = —oo and Z(—o0) = 0.
For GF(2™) it is true that:

(Z(z) — x)2" mod (2™ — 1) = Z((2™ — 1 — 2)2" mod (2™ — 1)) (2.1)

Z(x)2" mod (2™ — 1) = Z(2'z mod (2™ — 1)) (2.2)
Using equations 2.1 and 2.2 there can be created table of Zech logarithms.

Ezample 2.2.
There will be computed table of Zech logarithms for field GF'(8) created by
polynomial p(x) = 23 + x + 1. It is true that:

A =a+1 and o?@® = o® 41,

so Z(1) = 3. Using equations 2.1 i 2.2 and assigning m = 3, x = 1, there can
be computed next Zech logarithms.
Equation 2.1:

dlai=0 (Z(1)—1)2°mod (2* —1) = Z((2* = 1 — 1)2° mod (2°* — 1))
(3—1)1mod7=Z(6-1mod7)

2mod 7= Z(6 mod 7)

2 = Z(6)

16



dlai=1 (Z(1)—1)2"mod (2° — 1) = Z((2* — 1 —1)2' mod (2° — 1))
(3—1)2mod 7= Z(6-2mod 7)
4mod 7= Z(12 mod 7)

Z(5)

dlai=2 (Z(1)=1)2*mod (2° — 1) = Z((2* — 1 —1)22 mod (2° — 1))
(3—1)4mod7=Z(6-4mod7)
8 mod 7 = Z(24 mod 7)

Z(3)

Equation 2.2:

dlai=1  Z(1)2'mod (2° — 1) = Z(2' - 1 mod (2° — 1))
3:2mod 7= Z(2mod 7)
6= 7(2)

dlai=2  Z(1)2°mod (2° — 1) = Z(2* - 1 mod (2° — 1))
3-4mod 7= Z(4 modT7)
= Z(4)

2.3.1 Imamura algorithm

Imamura algorithm is an iterative algorithm for computing Zech loga-
rithms, which can be easily implemented programmatically [16].

Imamura algorithm is as follows (log, (0) doesn’t exist and is denoted as
hH(l) log, © = —00):
x—

1. Each element of G F(2™) express as polynomial R (z), wherei € {0,1,q, ...
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+10 1 o a2 a3 044 a5 a6
0|01 ]|ala?|a®|a?|a’®|al
11110 a?|al] ala®|at|a?
alala? 0ot 1 |a?]|ab]a®
a?|a?lablat]| 0o’ ala?| 1
Bladlal1la5] 0 ablazlat
ot ot of a2 NIRRT
bl lat ol a3l a2 0l a
ablabla?|a®| 1 |at|a®| a0

Table 2.1: Addition table for elements in GF'(8) created by polynomial
plx) =23+ 2+ 1.

2. For each polynomial R®(x) compute N(log,(i)) = R®(2) in the field
of integer numbers.
3. Assign:

N(log,(i)) —1 for N(log,(i)) odd,

N(Z(log,(1))) = { N(log,(i)) + 1 for N(log. (i)) even.

4. With values N(log, (7)) and N(Z(log,(7))), find Z(log,(7)).

Example 2.3.
Example of calculation of Zech logarithms for field GF(8) created by poly-
nomial p(x) = 23 + z + 1:

log, (i) i RO(x)  N(log,(i)) N(Z(log,(i))) Z(log, (i)
—00 0 0 0 1 0

0 1 1 1 0 —00

1 «o T 2 3 3

2 o? x? 4 5 6

3 a x+1 3 2 1

4 ot >+ 6 7 5

5 o 2’4241 7 6 4

6 af 2+ 1 5 4 2

Results are the same as for example 2.2.
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0|0 00|01 07]0
0 ala?lad|at|a’]ab
0| « 042 a3 a4 Oz5 a6 1
0a?|a?|a*|a®|ab| 1|«
0ladlat!larlas] 1] ala2
0latlarlas] 1]ala2]as
0laslabl 1] alazladla
0lasl 1] alazladlat]as

Table 2.2: Multiplication table for elements in GF(8) created by
polynomial p(z) = 2% + = + 1.

Table 2.3: Addition table for elements in GF(2™).
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Table 2.4: Multiplication table for elements in GF(2™).

2.4 LUT tables

2.4.1 Addition

Addition table for elements in GF'(2™) is shown in table 2.3.
Looking at addition table, it can be noticed that:

e if one of element in addition is 0, then the result of addition will be the
second element, so from table there can be excluded 2-2™ — 1 elements
(results of operations, where one of components is 0),

e if added are the same elements, then result will be 0, so from table
there can be excluded 2™ elements (diagonal of zero elements),

e table is symmetric for diagonal of zeroes, so there can be excluded Qsz .
Z~ elements (half of all elements minus half of elements on diagonal of
zeroes) /

Elements, which can be excluded are marked with orange colour in ta-
ble 2.3. After calculation, there must be stored following number of elements
in addition LUT:

Npygry =22m"1_3.2m 1 41

20



Addition algorithm with use of LUT table is as follows:

1.
2.

3.

Return 0, if added are the same elements, else continue.

If one component in addition is 0, then return second component, else
continue.

For o' + o and i > j, return value from cell [a'][a’], where first
parameter is number of column of LUT table, and second parameter

is number of row in LUT table, else for ¢« < j return result from cell
[o7][].

2.4.2 Multiplication

Multiplication table for elements in GF'(2™) is shown in table 2.4. Simi-
larly like in addition table, multiplication table is symmetric.
There can be noticed following properties of multiplication table:

if one of components in multiplication is zero, then result will be also
zero, so from table can be excluded 2 - 2™ — 1 elements ( results of
operations, where one of components is 0),

if one of components is 1, then result will be second component, so
from table can be excluded 2 - 2™ — 1 elements (result of operations,
where one of components is 1),

table is symmetric for diagonal of products of the same elements, so
from table can be excluded QQTM — 2% elements (half of all elements

2
minus half of elements on diagonal of results of the same elements).

Elements which can be excluded from table are marked with orange colour
in table 2.4. After calculcation, number of elements which must be stored in

LUT table is as follows:

Npgp. =22m" 1 —3.2m71 41

Multiplication algorithm with use of LUT table is as follows:

1.

2.

Return element 0, if one of multiplication components is 0, else conit-
nue.

If one of multiplication components is 1, then return second compo-
nent, else continue.

For o + o/ and i > j, return result from cell [af][a’], where first
parameter is number of column in LUT, and second parameter is
number of row in LUT, else for i < j return result from cell [o/][a].

Exemplary addition and multiplication tables for GF'(8) created by poly-
nomial p(z) = 23 + x + 1 are presented respectively in table 2.1 and 2.2.
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3. Reed-Solomon code

3.1 Introduction

Reed-Solomon code is error-correction code [9] [1] [12] [14]. Error-correction
is such code, which can be used for error correction. Furthermore, Reed-
Solomon code is:

e linear code, where result of linear combination of any two codewords
is codeword,

e cyclic code, where result of cyclic shift of codeword is codeword,

e block code, where data sequence is divided into blocks of fixed lengths
and these blocks are coded independently,

e nonbinary code, where code symbols are not binary - 1 nor 0.

Codeword is ordered set of code symbols and belongs to code. Code
symbols are elements in GF'(q), which are used to code construction.
Reed-Solomon, where codeword is of length n elements and encodes k
information elements, is denoted as RS(n, k). Code RS(n,k) has following
properties:
e codeword consists of n code symbols,
codeword encodes k information elements,
number of redundant control elements is r = n — k,
code has correction capability equals to ¢ = [ 7],
minimal Hamming distance is d,,;, = r + 1.

Code can correct all error patterns, where number of errors is less or
equal error capability . Minimal Hamming distance d,,,;;, determines minimal
number of positions, where two vectors are different. If code is created over
GF(2™), then code is of form RS(2™ —1,2™ —1 — 2t). Reed-Solomon codes
satifies Singleton bound with equality— d,;, < n — k + 1, which means, that
has the best error-correction capability with given n and given information
elements k [6]. Codes which satisfy Singleton bound with equality are called
MDS codes - Maximum Distance Separable.

3.2 Encoding

Encoding is process of transformation information elements into code-
word. There are presented two methods for creation of Reed-Solomon code-
word.
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3.2.1 Original method

Given are information elements m; € GF(2™) for 0 < i < k — 1, which
are used for codeword construction [1] [7]. Given is polynomial:

m(z) = mp_12" " +my_o2™ 2+ myx +mg (3.1)

Given is set of different non-zero elements in GF'(¢q) which is called support
set [7]:
(ala Q, ... ,Oén)
Codeword of RS(n, k) code can be expressed as:
C= (m(al)v m(a2)a s >m(an))
During work on master thesis, used support set was:

(1,a,0?,..., ™) (3.2)

Codeword of RS(n, k) code created with support set (3.2) can be expressed
as:

c= (m(1),m(a),...,m(@" 1)) (3.3)
c(x) =m(a™ D"t +m(a" 2" 2 + ...+ m(a)z +m(1) (3.4)

For codeword of RS(n, k) code created with support set (3.2) satisfied is
that:
cla) =cla®) =...=c(a®) =0

Equation for Galois Field Fourier Transform for polynomial f(x) of degree
n — 1 is as follows [8]:

F(z) = GFFT(f(z)) = f(1) + f(@)z + f(aP)z® + ... + f(a™ Ha™!

With use of this equation, there can be shown for codeword c(z) of
RS(n,k) code created with support set (3.2) that 2¢ next coefficients are
equal to zero. Codeword c(x) is in encoded in time domain, and C(z) is
encoded in frequency domain [14].

Example 3.1.
Given is following vector of information elements:

m = (a,a? 1) = m(z) = a+ o’z + 2*
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Codeword ¢ of RS(7,3) code for this vector is as follows:

¢ = (m(1), m(a), m(a?), m(a®), m(a*), m(a®), m(a®))

= ( 57a67a70’ aﬁ’()?as)

Codeword
c = c(z) =’ + abz + ar® + a2 + a’2®
transformed with Galois Field Fourier Transform is as follows:
C = (c(1), c(), c(a?), c(@?), c(a?), c(a®), c(a))
= (,0,0,0,0,1,a?)

Consecutive 2t positions in C' are zeroes.

3.2.2 RS code as nonbinary BCH code

Reed-Solomon codes can be seen as nonbinary BCH codes [10] [9]. For
construction of codeword of RS(n,k) code can be used following generator
polynomial:

g(z) = (z —a)(z —a?)...(z — a*) where o' € GF(n + 1)

Given is information polynomial m(z) 3.1. Codeword of nonsystematic
code RS(n, k) is as follows:

c(x) = m(x)g(x)
Codeword of systematic RS(n, k) code is as follows:
c(x) = m(z)z* + Q(z) where Q(z) = m(z)z* mod g(z)

RS(n, k) code can be created with use of original method and as nonbi-
nary BCH code. Both of there codes satisfy [8]:
e code created with both definitions creates the same linear space,
e code created with both definitions is cyclic,
e for codeword created by both definitions satisfied is
c(ag) = c(ag) = ... = c(ag) = 0 for some 2t consecutive elements in

GF(q).
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4. Decoding algorithms

4.1 Introduction

Decoding is a process of transformation of received vector from commu-
nication channel onto sequence of information elements which were used to
create codeword. It may happen that received vector is not codeword, be-
cause codeword was corrupted in communication channel. In this case code
can correct number of errors up to value of error correction capability. If
decoder is not able to correct received vector and such situation can be rec-
ognized then it is called decoder failure [15]. If there occured so many errors
that received vector is decoded onto different codeword than original, then
such situation is called decoder error.

4.1.1 Complete decoder

Complete decoder works as follows [12]:
1. Compute Hamming distance between received vector and each code-
word of RS(n, k) code,
2. Choose codeword, where value of Hamming distance was least.
Complete decoder is impractical, because there are ¢* of codewords of
RS(n, k) code and it would take much time to find result.

4.1.2 Standard array

Standard array is such matrix of RS(n, k) which consists of ¢* columns
and ¢"~* rows [10]. In first rows there are written all ¢* codewords of RS(n, k)
code, and in last rows vectors which are close to them within Hamming
distance. Decoding is a process of finding received vector in standard array
and result of decoding is codeword in first row of the same column where
received vector was found. This method is also impractical, because there
must be stored ¢" vectors, which may be huge number.

4.1.3 Syndrome decoding

RS(n, k) code is a k-dimensional subspace of n-dimensional space. It is
connected with two following matrices [10] [9]:
e generator matrix (G, which consists of k linear independent vectors,
which are used to create codeword — ¢ = mG, where m denotes k-
dimensional vector of information elements,
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e parity check matrix H, which is used to decode received vector.

Parity check matrix is used to compute syndromes. Syndrome s is com-
puted as follows:
s=rHT,

where 7 denotes received vector, and H? is transpozed matrix H. If received

vector is codeword, then syndrome is zero-value vector — s = cH? = 0, else

there are errors, which can be written that to codeword in communication

channel was added error vector — r = ¢ + e, where e denotes error vector.
For RS(n, k) code generator matrix is as follows:

g1 1 1 1 1
g2 1« o> ... ot
G=|g|=|1 (@ (o®)? ... (o)
gk; 1 (a)kfl (OZQ)k‘fl . (anfl)kfl
Codeword for information elements m = (my, ..., my) can be expressed
as:
c=mG =mig, +mags + ...+ Mgy
Ezample 4.1.

Given is RS(7,3) code created in GF(8) by polynomial p(z) = z* + z + 1.
Generator matrix G is as follows:

1 1 1 1 1 1 1

G=1|1 a o®> o® o* o af

1 o> o* o a o o

For m = (o, a?, 1):
1 1 1 1 1 1 1
c=mG = (a,a’,1) |1 a ao? a3 a' a® af
1 o2 ot o a o® &
= (a,a, 0, 0,0, 0,0) + (02,03, a*, 0”08, 1, 0) + (1,02, a*, a®, o, a?, o)

5

= (« ,aﬁ,a,O,a6,O,a5)

Construction of codeword with matrix GG gives the same results as to use
original method. Let m — m(x):

(a,0? 1) = a + o’z + 22
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Using original method of encoding 3.3:

c = (m(1), m(a), m(a?), m(a®), m(a*), m(a®), m(a®))

= ( 57 0567 «, Oa aﬁa 07 a5)

Parity check matrix for RS(n, k) code is as follows:

1 Q o? o a™t ]
1 (Oé>2 (OZ2>2 (an—l)g
H=|1 (o) (a?)? (@ 1)?
_1 (a)Qt (a2)2t (anfl)Zt_
Let received vector be r = (19,171,792, ..., n_1):
1 a o? a1 ] T
1 (Oé)2 (a2)2 (an—l)Q
s=rH" = (ro,71,72,...,70_1) |1 (@)? (a®)? (@)
_1 (Oé)2t (a2>2t (an—l)Qt_
[ 1 1 1 1]
a ()7 (@) (a)*
= (7”0,7”1,7’2,. .. ,Tnfl) 042 (Oé2>2 (a2)3 (a2>2t
_O{nfl (Oénfl)Z (anfl)S o (an71)2t_
- (T07 To,To, .- - 7T0> + (7’10{, rl(a)Qv Tl(a)g’ cee 7741(0[)215) +.
+(7’n7105n717 rnil(anfl)Q’ 7’“,1(04”71)3, o ,Tn71<an71)2t)

2 -1
=(ro+mra+ra”+...+r,_ 10",
2

ro + () +ro(@®? + . (@2

n—1 n—1 n—1

= (Z TZ‘CYZ,ZTZ‘(O[Z)27 ) rl(az)%)
=0 =0 =0
n—1 n—1 n—1

= (Z ria’, Z ri(@®)’ .. ri(a®))
=0 =0 1=0

It can be noticed, that computing particular syndrome elements is com-
puting value of polynomial r(z), where

r(x) = rp12"  Frp o™ g
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For RS(n, k) code, where roots of generator polynomial g(x) are consec-
utive 2t elements o, o2, ..., a%, it is true that:

s = (r(a),r(a@?),...,r(a*)) (4.1)
Particular elements of syndrome vector are:

s1 = r(a)

59 = r(a?)

Sop = r(a%)

Ezxample 4.2.
Parity check matrix for RS(7,3) code:
1 a o o a* & af
0o 1 o> o o8 a o o
Tl o af o & a ot
1 o a o® a® af o8

It can be written that:
s=rH' =(c+e)H =cH" + eH" =0+ cH" =eH”

Syndrome is then dependent only from error vector, which means, that
there can be created array, where syndrome vectors are assigned to error pat-
terns. Such array has 2 columns and ¢"~* rows for RS(n, k) code in GF(q).
Decoding is a process of computing syndrome and then finding error pattern
in array which is assigned to computed syndrome. When error pattern is
found, then it is added to received vector. This method is still impractical,
because size of such array may be huge.

Ezxample 4.3.
There are given three codewords of RS(7,3) code created over GF'(8) with
generator polynomial p(z) = 23 + z + 1:

o c1(x) =12%+a’2® + o’z + ax® + &Pr + o,

o oo(z) = 2% + o225 + axt + atrd + a2 + ad,

o c3(z) = P28 + bzt + azr? + afz + ab.
All three vectors are results of decoding information vector m = (a,a?, 1)
with three methods: as nonsystematic BCH code, as systematic BCH code,
with original method. All three vectors lies in the same linear space of
RS(7,3) code. Let error vector be e(z) = az® — e = (0,0,0,0,0,0, ).
Received vectors are as follows:
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Error pattern e Syndrome vector s

(0,0,0,0,0,0,0) | (0,0,0,0)

(0,0,0,0,0,0,1) (0460404043)
(0,0,0,0,0,0,) | (1,05 a® a)
(0,0,0,0,0,0,a?) (a,l,a ad)

0,0000,10 a5a3aa6
( 3 7 9 ? 9 7 9
0,0,0,0,0,,0 ab at 0?1
(

(0,0,0,0,0,1,1) | (a, a2, a? at)
(0,0,0,0,0,a,1) | (0,1, 0, )

Table 4.1: Fragment of syndrome array for RS(7,3) code.

o 71(z) =c1(x) +e(x) = ®2® + &®2® + a?xt + ax® 4+ Pz + ot
o 15(x) = c2(x) + e(x) = a®a® + a?2® + azt + ota? + oP2? + ad,
o r3(z) = c3(x) + e(z) = 2% + abx? + ax? + bz + .
Syndrome vector s = (s1, Sq, S3, 54) for these received vector is as follows

e 51 =ri(a) =r(a) =ri(a) =1,
o sy =r(a?) = rg(oz2) =r3(a?) = a
o s3=r1(a’) =13(a’) =r3(a’) =
o sy =ri(a") =r(at) =r3(a’) =
Values of syndrome vectors for these three received vectors are the same.
Syndrome vector for received vector is s = (1,a% a° o). Fragment of syn-
drome array for RS(7,3) code is shown in table 4.1. For syndrome vector
= (1,a% a” a*) there is assigned error pattern e = (0,0,0,0,0,0,a). Re-
ceived vectors are corrected by adding error pattern to received vector.

6

4.1.4 Decoding of cyclic code

Generator matrix for cyclic code is as follows [10] [9]:

g9(z) g 91 - g 0 0 0 ... O

xg(x) 0 g9 g1 ... g 0 0 ... O

G=| 2%9(x) | =0 0 g ¢ ... g 0 ... 0
_a:k_lg(a:)_ 0 ... 0 0 0 go g1 - ol
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Ezxample 4.4.
For RS(7,3) code over GF(8) created by p(x) = 23 + x + 1, there is given
following generator polynomial:

g@)=(z —a)(z — )z — )z —a) =" + ®2* + 2+ axr + o

> a1 o> 1 0 0
G=1|0 o> a 1 & 1 0
0 0 & a 1 a1
Let information vector be m = («, a?,1). Code for this vector is:
& a 1 o> 1 0 0
c=mG=(a,a’1) |0 a* a 1 a*® 1 0
0 0 o> a 1 o® 1
= (a*,0? a,a*,2,0,0) + (0,0, 0*, a2, o, a?,0) + (0,0,0°, a, 1,0°, 1)

Vector m = (a, a?,1) can be written as polynomial m(z) = o + o’z + 2.
Codeword can be created as follows:

c(r) =m(x)g(r) = ($2 + o’z + Oé)($4 +a3 + 2+ ax+ a3)

=z + a’rd + ozt + az? + o’ + at

Results of both methods are the same.

Systematic code can be created, if generator matrix G will be of such
form that in the right part there will be identity matrix.

Example 4.5.
To generate generator matrix of systematic code RS(7,3) is used matrix G
from example 4.4. This matrix can be transform into such matrix:

o2 a1l a®> 1 00
G=1a% o 1 a2 01 0
a® ot 1 a* 0 0 1

2

> a1 a®> 100
c=mG =(a,a*,1) |a® a®* 1 a2 0 1 0
a® a* 1 a* 0 0 1
= (a*,0? a,a*,2,0,0) + (o, a, 02, a*,0,02,0) + (o, 0, 1,a*,0,0,1)
= (a?,0,0°,a* a,a? 1)



For the same vector m — m(x) = a + oz + 2%, codeword can be also
created as follows:

c(z) = m(z)2* + Q(x) gdzie Q(z) = m(z)z* mod g(z)

Q(x) = m(x)a* mod g(z)
= (2% + o®2° + az*) mod (2! + o2 + 2% + ax + o?)

= otz + a’r? + a?

c(z) = m(z)z* + Q(z) = (2° + o?2° + az?) + (a*2® + a°2* + )
=2+ o?2® + azt + a'2d + P2 + o

Results of both methods are the same.

Generator polynomial of cyclic RS(n, k) code divides polynomial 2™ + 1.
To create parity check matrix H, there must be computed polynomial h(x)
of form: "
hz) = "+ 1
9(x)

Parity check matrix for RS(n, k) code is as follows:

he her .. he O O ... 0
0 A hi_1 ... h 0O ... 0
p= |, o (4.2)
0o ... 0 0 hr hi1 ... hg
It is true that:
cHT" =0
Ezxample 4.6.
For RS(7,3) code, where g(z) = z* + o323 + 22 + az + o?:
a’ +1 3 3,2 2 4
hw) = Pt ad taltartad rat et
Parity check matrix for RS(7,3) code is of form:
1 a2 a2 o* 0 0 0
01 o> a®> o* 0 0
H= 0 0 1 o a® o' 0 (4.3)
00 0 1 o o o



Parity check matrix 4.2 can be of such form, that in the left part is placed
identity matrix.

1 0 0 0 hpy ... h
0 1 0 0 h! ... h!
H = . k._l o (4.4)
0 ... 0 0 1 W'\ ...
Zachodzi:
cHT =0

Using parity check matrix in this form, there can be generated syndroms,
which will be also self error patterns. The constraint is so, that errors must
be located on positions rq, 71, ..., r,—x_1 of received vector r. Furthermore,
there cannot be more errors than error correction capability of code.

Ezxample 4.7.
Parity check matrix 4.3 for RS(7,3) code after some transformations can be
written as:

100 0 o af o

, 10100 a o of
H = 0010 1 1 1
0001 a® a® ot

Given is following received vector:

r(z) = c(z) + e(z) = (2° + &°2° + o’2* + az® + o’z + o) + (2° + o’2?)
= 2"+ "2 + 2t + 2 + ¥ + o + o

Using parity check matrix, there can be computed syndrome vector:

1 0 0 0]
0 1 0 0
0 0 1 0
s =rH" =(a*a1,1,02,0°,1) |0 0 0 1
o a1 a3
ab af 1 a?
a5 ot 1 a4_
= (a*,0,0,0) + (0,a?, 00)+(0 0,1,0) + (0,0,0,1)

+(a®, a?,a? a®) + (a*, a*, a” 1) + (o,

Tt
Q

11,0% = (0,0,0°,1)
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Syndrome in polynomial form s’ = (0,0,a?,1) — §'(x) = 2® + a32? is the
same as error vector e(z). Received vector can be corrected as follows:

c(z) =r(z) —e(z) =r(z) - §'(z)
= (2% + a®2° + ®2* + 2 + 2% + o’z + o) — (2% + a®2?)
= 2% + o2 + o2t + ax? + v + ot
For cyclic codes it is true that:
m(z)g(x) + §'(z) = r(z)
s'(z) = r(z) mod g(z)
It is also true that:
r(z) =clx)+e(x) and  r(z)=c(z)+s'(x)
e(z) = r(zx) mod g(x)

From above equations it can be noticed that e(z) = /(). It is true when
errors are on positions rg, 71, ...,r,—r_1 of received vector r.

Decoding algorithm for cyclic codes:
1. Let ¢ = 0 and ¢ denotes number of shift of received vector in left
direction.
2. Let r;(z) denotes received vector r(z) and shifted i-times in left di-
rection. Compute:
s1(2) = ri(x) mod g(x)

3. Let w(y) denotes value of Hamming weight of vector y. Hamming
weight describres number of nonzero elements of vector. Compute:

w = w(si(x))

4. If w < t, where t denotes error correction capability of code, then
compute:
ri(x) = ri(x) — si(z) |
then shift r;(z) in right direction i-times and finish. If w > ¢, then
continue.
5. If © = k, where k denotes number of control elements of codeword,
then finish and signal that not correctable error pattern occured. If
t < k, then continue.
Shift cyclically one time r;(z) in left direction.
7. Increase i by 1:

&

1=1+1
8. Return to point 2.
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4.2 Finding position of errors

Reed-Solomon can be treated as nonbinary BCH code, which means that
code symbols are nonbinary. During decoding binary codes there is needed
one information to correct error, which is error position. These errors can be
corrected by adding 1 to value on error position. For nonbinary codes this is
a bit more complicated, because except error position, there must be known
error value also. In this chapter, there are described algorithms for finding
error positions and error values.

4.2.1 Peterson-Gorenstein-Zierler algorithm

Peterson-Gorenstein-Zierler algorithm finds error positions [10] [2] [3].
Using definition 4.1, it is true that:

s; = r(a’) = c(a’) +e(a’)

For consecutive 2t roots of code generator polynomial, it is true that:

s;=c(a)=0
Syndrome can be expressed as:
n—1
si=e(a’) =) ela’y
=0

Error occurs in place, where e; # 0, so for number of occured errors v, error
positions are denoted as ky, ks, ..., ky:

v

v
S; = Zekj (ai)kj — Z er, (akj)i
j=1

J=1

Let X; = . This value is dependent from error positions and is called
error locator:

j=1
Consecutive 2t values of syndromes can be expressed as:

S1 — elel + €k2X2 + ...+ €kva
so = e, X2+ en, Xo+ ... +ep, X2

2t 2t 2t
Sop = €5, X7 + e, Xg + ...+ ep, X,
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Let there be a polynomial with roots of multiplicative inverses of X;.
Such polynomial is called error-locator polynomial:

v

Az) =] = Xjo) = Aa® + Az 4+ Az + Ag (4.6)

=1

Looking at definition of error-locator polynomial 4.6, it can be noticed
that Ag = 1. kth syndrome can be expressed as [12]:

AySp—y + Av—lsk—v—l—l + .+ ANisp_1 = —si (47)

Example 4.8.
For RS(7,3) code of error-correction capability ¢ = 2, let number of occured
errors be v = t. It is true that Ag = 1 and polynomial A(z) should be of
degree 2:

Az) = Ao2® + Ay + 1

Using equation 4.7, it can be computed:

dla k=3 Aosg_o + No_153_941 = —53
Agsi + Aysy = —s3

dla k =4 Nosy_o+ Ao 154941 = —54
A2$2 + A183 = —84

Assuming that number of occured errors is v, next v equations 4.7 can
be expressed as:

S1 S9 ce Sy Av —Sy+1
S S ... S A, —S
M(U)A(U) _ 2 3 v+1 v—1 _ v+2 (48)
Sy Sv+1l - S20-1 Ay —S2y
If there are known 2t consecutive syndrome values s1, g, ..., So;_1, S9¢ and
it is not true that s; = s = ... = s9y = 0, then Peterson-Gorenstein-Zierler

algorithm is as follows:

1. Assume that v = t.
2. Check if matrix M) is singular.
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e If determinant of matrix M) is equal to 0, which means that
det M) = 0, then matrix is singular. In this case decrease value
vbyl v=v—1 1If v =0, then finish and signal that not
correctable error pattern has occured, else return to point 2.

e If determinant of matrix M) is not equal to 0, which means
that det M ™ = 0, then matrix is nonsingular and continue.

3. Solve following equation set:

-1

A, —Ser1| |S1 s2 ... sy
Ay —Su42 S2 83 ... Spt1
Al —S2v Sy Sp+1 ... S2u-1

4. The result is error-location polynomial which is:
Az) = Az’ + Ay2” P .+ A+ 1

Determinant of matrix M®) can be computed by Laplace expansion. Let
there be a matrix of m rows and columns:

11 12 ... alm

a271 CLQ,Q e a27n
A= . S

m,1 Am2 .. Qmn

Laplace expansion can be expressed as follows:

Q11 Q12 ... Q1m
az1 422 a2 “
3 3 tt ,m
det A = det i i . . = g a; jD; ;
. : . . =1
Am1 AGm2 ... (Amm

Index 1 < i < m denotes number of row of matrix A. Cofactor D;; of
element a, ; can be expressed as:

Di,j = (—1)i+j det Ai,ja
where A; ; denotes matrix A od order m — 1 which is result of erasing ¢th
row and jth column of matrix A [11]. In Galois field of characteristic 2, it
can be reduced that (—1)"*7 = 1 for each row ¢ and column j, so cofactor

can be expressed as:
Di,j = det Ai,j
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Equations sets can be computed by Gaussian elimination. Let there be a
following set of equations:

AX =B
11 Q12 ... A1m Ty by
Q21 Q29 ... Q2m Tm—1 by
m,1 Am2 .- Amm T bm

Algorithm of Gaussian elimination is as follows:
1. Move matrix B to the right side of matrix A:

ai iz ... Q1m bm
Q21 Q292 ... Q2m bi—1
m,1 Am2 .- Amm b1

2. Set variable i = 1.

Multiply ith row by a; L.

4. For 1 < j < m;t # j compute r; = a;,;r; + r;, where r; denotes jth
row.

5. Increase i by 1,7 =17+ 1. If i > m then finish, else go to point 3.

@

The result is following matrix:

10 ...0 =,
0 1 0 Tm—1
0 0 . 1 =

Example 4.9.
For RS(15,7) code let exemplary codeword be:

c(x) = 2™ + ax®® + 212 + o2 + az'® + az’
+oz2x8 + adx’ + a’z" + adz? + adx? + a’z? +x+ at?
Error vector is as follows:
e(r) = ax' + o®2” + 2*
Received vector is as follows:
r(z) = a'a' + az'® 4+ 2" + o®2' + a2’ + o°2?

+a22® + 22T + a2 + %2 + a2t + %22 + 2 + o'
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RS(15,7) code has error correction capability of t = 4. First step of find-
ing error position is to compute 2t syndrome values. Roots of code generator

polynomial are consecutive elements o, o?, ..., a?.
s1 =r(a) =ab
sy =r(a?) =a’
s3=r(a®)=a"
sy =r(a?) =ad
s5 =r(a’) = ab
— () — 4
s¢ =r(a’) =«
s;=r(a’) =1
sg =r(a®) =a?
Next stage is to check if matrix M®©=*=% is nonsingular:
ab o o of
M(4) - 069 Oé7 Oé3 OZG
=T A3 6 4
a’ o’ o’ «
ad ab ot 1
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w

o o o o«
9 7 3 ¢
M(4) _ 8} « o (e}
det det o7 of of o
o o ot 1
07 o® af] [0 o® af]
=aldet |a® of at| +a’det [a” af o
o o' 1] o o' 1]
[0® o7 af] [0® o7 o?]
+a’det |7 o® at| +addet a7 o of
o® af 1] o® af ol
T 6 A7 r 3 47 f 367
= a®(a” det 24 | o det 36 | ol det 36 34 )
T6 A7 T 4T C 7 6]
+ (0 det 34 | o det 33 | ol det 33 34 )
T3 47 ro7 47 r 73
+ a’(a’ det 36 Oi + a” det Zg Oi + af det 33 36 )
T3 6] T 6] r 73
o? « (a7 « o«
+ a3(a” det _aﬁ a4_ + o’ det a3 &4_ + o det _a3 a6_>
= a%(a’(a® + o®) + a?(a® + Qe )+ a8 (a” + a'?))
+ a?(@®(@® + a®) + a*(a” + ") + (o™ + )
+a’(@®(@® + o) + o’ (" +a”) + ab(a’? + af))
+ a?(a”(a” + a'?) + a"(a™ + ) + P (a'? + af))

Determinant of matrix M® is equal to zero, which means that matrix is
singular. Next step is to compute determinant of matrix M (®):

det M® = det [a® o7 o3| =a?

Determinant of matrix M® is not equal to zero, which means that matrix
is nonsingular. It means also that three errors has occured. There must be
following set of equations:

ab o o™l [A; ad
a® a" ad| A = |af
o’ a® af| A at



Using Gaussian elimination there are computed coefficients of polynomial

A(z):

Variable i = 1, so first row is multiplied by a;} = a;; = ™% = o
1 o a o
o o o af
a” o a® ot

To the second row is added first row multiplied by o”, and to the third row
is added first row multiplied by a”.

1 o2 a ao?
0 o> a2 0
0 0412 Oél4 0

As the result of next steps following matrix is obtained:

12

1 0 0 «
01 0 0
001 0

Result of set of equations is A3 = a'?, Ay = 0, Ay = 0. The error locator
polynomial is as follows:
A(z) = a2 +1

Roots of this polynomial are x; = o, x5 = o, 23 = a''. Error locators are
X, =z;'=a" Xy =2;' =0, X3 =123 = a* Error locator polynomial
can be expressed as:

A(z) = (a2 — 1)(’z — 1)(a'z — 1)

It means that errors have occured on positions 14, 9 and 4 of received vector.

4.2.2 Berlekamp-Massey algorithm

Berlekamp-Massey algorithm finds error-locator polynomial [10] [14] [4] [5].
Using equation 4.7 for some first elements of code of error-correction capa-

40



ab.a”.a”,03,a% 0% 1,0°

aGT a9<T a’ |l

X
T

Figure 4.1: LFSR generates next syndromes with use of polynomial
A(z) = o223 4+ 1.

bility of ¢, it can be expressed for v and v < j < 2t as:

—Spi1 = NSy + Aosy1 4+ ...+ Aysy
—Sp42 = A18U+1 + AQSU + ...+ AUSQ

—Sot = NySop—1 + Aosoro+ ...+ AySay

Example 4.10.
Give is RS(15,7) code of error-correction capability ¢ = 4. In received vector
occured 3 errors. There was computed following error-locatory polynomial:

A(z) = o +1

Next 2t syndromes for received vector:
S1 — OKG
S9 = (X
S3 = (&
Sq4 —
S5 = (¥
o
1
o

= o w N ©

Sg —
S7 =

S8 — 3
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For number of errors v = deg A(z) = 3, it is true that:

—84 = A153 + A282 -+ A381

AA=0-a"40-a"+a'?-a°

—S85 = A154 + A283 + A382

Ab=0-a4+0-a"+a'?

—S¢ — A155 + A284 + A383

at=0-a®+0-a®+a'?-a”

—S7 = A1$6 + A285 + A384

1=0-a*40-a%+a'? a3

—Sg — A1$7 + A286 + A385

aA=0-140-a*+a'?-af

LFSR (Linear Feedback Shift Register) can be used to compute next syn-
dromes. LFSR, which generates next syndromes sy, so, . . ., sg is shown on pic-
ture 4.1. At the beginning flip-flops are initialized with syndromes sy, ss, S3.
Multiplicators multiply by constant, which is one of coefficient of error-
locator polynomial A(x). With each clock cycle there is generated next value
of syndrome.

Problem of finding coefficients of error-locator polynomial can be ex-
pressed as problem of construction such LFSR, which generates next syn-

dromes si,So,...,s9. Berlekamp-Massey algorithm generates such LFSR
during 2t iterations.

Berlekamp-Massey algorithm is as follows for sq, sa, ..., s9;, where it is
not true that s1 = s, = ... =59, = 0:

1. Set variable Ly = 0. Variable Ly represents length of LFSR in rth
iteration. Set variable » = 0. Variable r represents iteration counter.
Set error-locator polynomial as A(®)(z) = 1. Set auxiliary polynomial
as B(x) = 1, which will be used to construct LFSR.

2. Increase iteration counter r» by 1, r =r + 1.

3. Compute value of discrepancy A, Discrepancy is defined as dif-
ference between value of syndrome s,, which should be produced by
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LFSR and value, which is really produced by LFSR:
Lr'fl
AD =5, — N ATV,
j=1

Recall that Ag = 1:

4. Compare A" with zero:

e If A") =0, then it means that LFSR really produces syndrome s,
and it shouldn’t be modified, so A™(z) = AT~V (2), L, = L,_;.
o If A" =£ 0, then it means, that LFSR should be modified. There
can be modified two things — length of LFSR and coefficients of
polynomial AU~Y(z). There are computed new coefficients of
AT (z):
A (z) = AT D () — Az B(z)

New length of LFSR in given iteration r is described as:
L, =max|[L,_1,7 — L,_4]

It is true, that length of LFSR must be changed, if:

2L,_1<r-—1
— if 2L,_1 <r —1, then:
L,=r—1L,_,
B(z) = A(TAZ)”)ZE)
— if 20,1 >r — 1, then:
Lo=1L
B(z) = zB(x)

5. If deg A7) (x) > t, where t denotes error correction capability of code,
then finish and signal that not correctable error pattern has occured,
else continue.

6. If r = 2t, then finish. The error-locator polynomial is A(x) = A (x).
If r < 2t, then return to point 2.
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Example 4.11.
Give are following syndromes:

8120[6
S9 = a
s3=a’
sy =
85:Oé6
8620[4
87:1
sg = o’

With use of Berlekamp-Massey algorithm, there will be created LFSR, which
generates these syndromes, and error-locator polynomial A(x).
First, variables are initialized:

Az)=1 B@E)=1 Li=0 7r=0

Variable r is increased by 1, r =1
Discrepancy is computed:

erl 0
AD — Z Ay_l)sr—j _ ZAE‘O)Sl‘j = A(()O)S1 =qaf
j=0

5=0
Discrepancy is not equal to zero, then LFSR should be modified:
AV (@) = A" V(@)= ADB@) = AO(2) —AYB@)z =1-a 12 = afz+1
It is satisfied also that:
2L, 1 <r-—1
0<0

Length of LFSR should be also changed and auxiliary polynomial B(x) is
modified:

Lr =T — Lr—l
Li=1-0=1
A(T_l) (aj) A(O) (I)
B(z) = AP TAD

Br)=1-a%=a’

Iteration counter is increased sequentially and algorithms finishes works
when r = 8. Result of algorithm is A(x) = A®)(z) = a'22® + 1. Changes
of variables in each iteration are show in table 4.2. Result of algorithm is
the same as for example 4.9, where for identical input data computed was
error-locator polynomial with use of Peterson-Gorensteina-Zierler algorithm.
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r L. s A0 AD) () B(z)

0O 0 - - 1 1

1 1 o af abr 41 o

2 1 o af adr+1 oz

3 2 o o allaz? + ol +1 az + a'?

4 2 o o' ax? + a2 +1 ar? + a3z

5 3 o8 a a2+t +aP24+1 0 otta?+alz 4+ ol
6 3 o ol al?z? 4+ 1 a'z3 + a2 + oM
7 3 1 0 al?x? 4+ 1 allzt + o223 + ala?
8 3 o 0 al?z? 4+ 1 all2z® + ozt + o2

Table 4.2: Next steps for Berlekamp-Massey algorithm for example 4.11

4.2.3 Sugiyama algorithm

Sugiyama algorithm is used to find error-locator polynomial and it em-
ploys extended Euclidean algorithm to solve this task [14]. Given is following
polynomial, where coefficients are next syndromes:

2t
S(z) = 510 + s90” + 832° 4+ ... + squ = E Sp”
n=1

Given is following equation:
A(z)S(x) = Q(z) mod x**!

This equation is called key equation. Polynomial Q(x) is called error-evaluator
polynomial and is ussed to find error values. Above equation can be expressed

as:
a(x)x* ™ + A(z)S(z) = Q(x),
where a(x) is some polynomial which satisfy equation.

Bezout identity for two polynomials a(z) and b(z), for which greatest com-
mon divisor is GC'D(a(x),b(z)) = ¢(x), can be expressed as:

alw)m(z) + b()n(x) = c(x),

where m(x) and n(z) are some polynomials. This equation can be solved by
extended Euclidean algorithm. Result of algorithm is error-locator polyno-
mial A(x).
Sugiyama algorithm for syndrome polynomial S(z), where deg S(z) > 0, is
as follows:
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{10
{0 1)
2. Check if degree of t(x) is less or equal than error correction capability
of code t:
o If degt(x) < t, finish. The result is:

A(z) = (A22(0)) 7" Ao 2()
If deg A(x) = 0, signal that not correctable error pattern has

1. Set variables s(x) = 2**! t(x) = S(x), A(x)

occured.
o Jesli degt(x) > ¢, then continue.
3. Compute:
Q) =3

4. Compute:
s(x) 0 1 s(x)
t)] 1 Q@) [t

5. Oblicz:

6. Return to point 2.

Erample 4.12.
Given are following syndromes:

S1 = Oé6

S9 = 0[9

53 =a’

sy =

s5 =ab

S — Oé4

S7 = 1

S8 — 043

Initialization of variables:
s(r) =

t(z) = S(z) = &®2® + 2" + aa2® + %2 + &2t + 23 + a%2% + 2
Algorithms proceeds for RS(15,7) code of error-correction capability t = 4.

degt(x) =8>t =4,

so algorithm continues. Compute:

Q) = 20 -

xTr) = =
t(x) o8+ 27+ atab 4 aba® + adat + o723 4 a%2? + oz
=o'z +a’
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Compute:
1

s(x
i) -
29
1 oz + 049} {a3x8+x7+a4x6+a%5+a3x4+a7$3+0z9x2+a6x}
o [P+ 2"+ a2 +abrd +alrt+a 2 + a2 + oz
3" + al2® + abzt + a2 + o ]

¥ o) i)
0
1

Alz) + E} _Ql@ﬂ Alz) = {(1) a12I1+ ag] {(1) ﬂ
- {(1) a12:c1+ 049]

Algorithm continues until deg¢(xz) < ¢t. The result of algorithm is A(z) =
a?2234-1, which is the same as result of Peterson-Gorenstein-Zierler algorithm
and Berlekamp-Massey algorithm for the same input data.

4.2.4 Chien search

Chien search is a method of finding roots of error-locator polynomial
A(x) [13] [14]. For field GF(2™) there are check next elements 1, v, ..., a*" 2
whether they are roots or not of A(x).

Polynomial A(z) can be expressed as:

A) = Azt + Ao+ A+ A
Element o' is root of polynomial A(x) if it satisfies:
Ala®) = Ao + A0 D 4 4 Aol + Ay =0
Recall that Ay = 1:
A’ —1 =Mo" + A 10D 4 4 Ajod = —1
It is true for element o™ that:
A@*) =1 = AaVf 4 A, o DED A 0
Ald™) — 1= Aal + ANt 4 4 A

It can be noticed that value of A(a’*!) can be computed with use of previously
computed value of A(a?). If value of polynomial (A(a’) — 1) is equal to —1,
then it means, that element o’ is root of polynomial A(z).
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4.3 Finding error values

Using definition of syndrome 4.5, it is true that:

5; = Z ex; ()" (4.9)
j=1
Next 2t values of syndromes can be expressed as:
S1 = leXl + 61€2X2 + ...+ ekUXv
So = €k1X12 -+ €k2X22 + ...+ ekng
Sor = e, X2 4 e, X2 4. 4 e, X2

After finding of error-locator polynomial A(z), there are known number
of occured errors which is v = deg A(x), error locators Xi, Xs,..., X, and
next syndromes $i, So, ..., So;. Above equation limited to v syndromes can
be expressed as [12]:

X1 X2 Ce Xv €k, S1
2 2 2

Xl X2 ... X'U 6k2 B 82
v v v

Xl X2 e X’U ek;v SU

Above set of equations can be solved with use of Gaussian elimination. Recall
that error locator is of form X; = a¥ | then error vector can be expressed as:

e(z) = ep, 118X g glo8aX2 1 4y gloga Xy

Example 4.13.
Given are following syndromes:

S1 =«
S9 =
83:Oé7

Error-locator polynomial A(z) = a?2? +1 = (a2 —1)(a’z — 1)(a*z — 1) is
of degree 3, which means, that there occured 3 errors. To find error values,
following set of equations must be solved:

alt a? ot €k, a®
(aM 2 (0?2 (@M)?| |en,| = |
(@) (@?)* (a®)?] Lex of
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With use of Gaussian elimination, there can be found error values:

altt o ot af 1 00 «
(a)? (a)? (a®)? | = [0 1 0 o2
(&14>3 (0(9)3 <a4)3 067 O O 1 1

The results of set of equations are: ey, = a, e, = a?

is of following form:

, ek, = 1. Error vector

e(r) = ep, 28Xt ey, 108 X2 4o glo8a s — !t 40200 4 ot

4.3.1 Forney algorithm

Forney algorithm is used to find error values. Error value can be computed
with use of following equation [14]:

QX!
ek.:—X ( J )

: jm (4.10)

Error evaluator polynomial is computed as follows:

Q(z) mod z* = A(x)S(z)
Polynomial A’(x) is a formal derivative of A(x) and it is computed as follows:

t
N(z) = Zijj’I
j=1
Example 4.14.
Given is syndrome polynomial:
S(x) = a2 + 2" + a2’ + a®2° + 2t + a2 + 2% + a2
Given is error-locator polynomial:
Alz) = a'?2® + 1 = (o2 — 1)(’z — 1)(a'z — 1)
Formal derivative of error-locator polynomial is expressed as:
N(z) = o'?2?

RS(15,7) code is used, so error correction capability is ¢ = 4. Polynomial
Q(x) is as follows:

Q(z) mod 2* = A(x)S(z)
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Q(z) mod 27 = (@?2°+1) (@2 + 27+ a*20 +a’2° + o’a? + "2 + a2 + a2)
Q(x) mod ¥ =2 + a2 + a2’ + "2 + 2% + o2
Qz) = a’'2® + 2% + O

Errors are computed:

QX! Q)
- X L/ oM =
WY T N
Q<X71) 99(@6) 2
:—X = — p—
T TN T T sy T
R e B N
AV R

Error polynomial is as follows:

e(r) = ep, %% X1 4 ¢p, 7180 X2 4 o 18NS = !t 4 %20 + 2?

4.4 FErasure decoding

Erasure decoding gives the opprtunity to increase number of erroneous
positions which can be corrected [12] [14]. There is added new symbol which
is called erasure. This symbol denotes that receiver couldn’t recognize re-
ceived symbol and marked it as erasure. Code with error correction capability
t can correct following number of errors v and erasures f:

f
= <t
v+2_

Erasures give additional information before decoding start — it is known what
are erroneous positions. Given is following polynomial:

f
D) = [[(1 = s,

where f denotes number of erasures in received vector, and Y; denotes jth
position of erasure. This polynomial is called erasure locator polynomial.
Modified syndrome polynomial for erasures is as follows:

O(z) = I'(x)S(x) mod z***
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Key equation for erasures is as follows:
A(z)O(x) = Q(x) mod z**!

Sugiyama algorithm can be used to solve this equation. Values of syndromes
are computed in such way, that erased positions are filled with zeroes.
Modified Sugiyama algorithm for erasures is as follows:

1. Set variables s(x) = x**! #(x) = O(x), A(x) {1 O} :

o1
2. Check if degree of t(x) is less or equal than error correction capability
t:
o If
degt(z) <t+ g for f even
lub
-1
degt(x) <t -+ for f odd,

2
then finish. The result is:

Az) = (A22(0)) " Ay o ()

e FKlse continue.

3. Compute:
Q) =3
4. Compute: ) " : )
L@:)} Tl Q@ L@J
5. Compute:
- 0 1
Az) + 1 —Q(x) A(z)

6. Return to point 2.

After calculation of error positions, error and erasure values have to be
found. There is given following polynomial:

O(z) = Ax)I'(2)

This polynomial is called error/erasure locator polynomial. This polynomial
can be used in modified Forney algorithm to find error and erasure values.
Modified Forney algorithm is as follows:
QX

€k; = _Xj—]—l
(X;)
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Example 4.15.
Codeword of RS(15,7) code is as follows:

c(x) = 2™ + ax®® + 22 + o2 + az'® + ax’

1o 4 P74 aTab 4 a2 4 APt 4 a2 4 x4+ a0
Error vector is as follows:
e(r) = ax' + o®2” + 2*
Erasures are marked on positions 10 and 1, so Y] = o' i Y5 = . Received
vector is:
r(z) = Mgl L 13 1 12 1 o210 +fk1$10 1P
+a22% + @®2" + a"2% + o2° + a'%2* + a2 + fr,x + ™

Code can correct up to t = 4 errors. There occured v = 3 errors and f = 2
erasures. It is satisfied that: F

=<t
v+ 5 =
3+1<4
Erasure locator polynomial is as follows:
/
D) = [J(1 - Yia) = (1 = 0 2)(1 - az) = a''a? + o + 1

j=1
Erasure positions are filled with zeroes:

T‘(ZL‘) — O./HZL‘M—{—O_/I‘B—FZL'IQ—FO(QZL'H —FO'JTlO—I—O[Bl’g

+a22a® + 2"+ a2+ P+ %t + P2+ 0+ ot

Computed syndromes are as follows:
S1 = 0

S9 —

S3 =

S4

|
QR Qo =0

S5 =
S¢ = 13

S7 =
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S8 = 1
Modified syndrome polynomial is as follows:

O(x) = I'(z)S(x) mod z**

O(x) = (e 2*+al2+1)(2® + 2" + 2% + o°2° + o®2* + 2° + ax®) mod 2”

124 2

O(z) = abz® + %" 4+ ata® + 2% + a2t + a2 + ax

Error-locator polynomial is found by modified Sugiyama algorithm. Input
data is:

s(z) = ° t(z) = O(z)

Result of Sugiyama algorithm is:
A(z) = a?2? +1 = (o2 — 1)(’r — 1)(a’r — 1)
Error evaluator polynomial is as follows:

A(z)O(x) = Q(x) mod z**!
(@223 +1)(ab2% + 2" + a*2% 4+ a%2° + a2 + "2 + az?) = Q(x) mod 2°
Q(z) = o2 + a2 + "2 + az?
Error/erasure locator polynomial is as follows:

O(z) = Alx)I'(z)

d(x) = (a2 + 1)(aM2? + Pz + 1)
d(z) = (22 + D) (a"2? + Pz + 1)
d(z) = 2 + o2t + a2’ + oM +afr + 1
Formal derivative of error/erasure locator polynomial is as follows:
P'(r)=5-a " +4-a°2r* +3- a2 +2- o'z +1- a8
' (z) = o®z* + 2% + o®

Error values are as follows:

32(;(;1) 14 52(0‘)
— _X - _ =
52(;<51) 9§} 046) 2
— _X - _ —



X Q(X:«z_l) 4 Q(O‘H)
ST T e T W)
Erasure valus are as follows:
QY 1_1) 10 Q(@5)
_ oyttt ) _
Jr = hqy( a2 = -« >(0F) o
QY ! Q(alt
fkg _jr2 ( 2 ) ( ) 1

(v, @(alt)

Received vector is corrected as follows:
c(z) = r(z) — (e(x) + f(x)) = r(z) — ((ax™ + o?2” + 2*) + (az'® + 2))

Polynomial f(z) denotes erasure polynomial, which is used to correct received
vector.

4.5 Guruswami-Sudan algorithm

Algorithms which were described in sections 4.2.1, 4.2.3, 4.2.2 can correct
errors, which number is not bigger than error correction capability of code.
Error capability of code is equal to t = % Decoding can be described
as searching codeword in sphere surrounding received vector of radius ¢. If
number of errors is not greater than ¢, then in this sphere is placed only one
codeword. Increasing radius of this sphere and searching codeword in new
sphere, it may happen, that there will be found two or more codewords and
probably only one of them is original codeword. Such decoding is called list
decoding and it lets to decode received vectors above limit of error correction
capability ¢ [7] [17] [12].

Guruswami-Sudan algorithm is used to decode codewords created by orig-
inal method (3.2.1). Codeword is created by evaluating information polyno-
mial for elements in support set, which is set of nonzero elements of field used
to create code. Given is some information polynomial of degree less than k
for code RS(n, k). Codeword is created as follows:

c=(m(ay),m(as),...,m(ay))
Codeword can be expressed also as ordered set of points:
¢ = (a1, m(n)), (a2, m(az)), ..., (om, m(an)))
Received vector from communication channel can be expressed as follows:

r = ((aq,70), (o, 1), ..o, (Qpy 1))
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If on i-th position m(o;) # r;—1, then it means that error occured on this
position.

Guruswami-Sudana algorithm finds such set of polynomial p(z), which
can transform received vector r into codeword which is in Hamming distance
less or equal to given error correction capability of algorithm. Guruswami-
Sudan algorithm consists of two main steps:

e Interpolation step: First step of decoding is to construct polynomial of
two variables: o
Q(Jf, y) = Z Z ai,szmja
i

where zeroes of this polynomial are points of received vector (ay, 1),
Q(ay,r;—1) = 0. Polynomial Q(x,y) is of degree (1, k—1) of the smallest
possible. To construct polynomial Q(x,y) there is used parameter
called multiplicity of zeroes m, which denotes the number of times
where points («;,r;_1) are zeroes of polynomial Q(x,y) or how many
times polynomial Q(z,y) goes through points (o, r;_1).

e Factorization step: Second step of decoding is factorization of polyno-
mial Q(x,y) to polynomials of type y — p;(x), where p;(x) is of degree
less than k. One of polynomials p;(x) is probably original information
polynomial which is used to create codeword.

To work with Guruswami-Sudan algorithm, there must be presented basic
mathematical methods, which are used with algorithm.

Weighted degree

Guruswami-Sudan algorithm employs monomials of type z'y’. During
decoding process there is proceeded comparision of such monomials. One of
the methods to solve this problem is introduction of (u,v)-weighted degree
(w-degree), where u and v are some positive integer numbers and they are
not both zeroes:

deg, 'y’ = ui + vj
Sometimes it may happen, that for two different monomials z"1 ¢t and x'2y’
values of weighted degree are the same. In order to solve such problem, there

is introduced lexicographical order (w-lex) and reverse lexicographical order
(w-revlex), where:

it < g2y for iy + v < uis + Ujs
11 < 1o for w-lex

or U’il + Ujl = uiz + Ujg and .
11 > 1y for w-revlex
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Weighted degree of polynomial Q(x,y) which consists of monomials a,z™ 3 :
a, # 0 is the biggest degree of n-th monomial:

deg,, Q(z,y) = max{deg,, a,z" 3’ : a, # 0}

When given is some (u,v) weighted degree, there can be created ordered
list of monomials by using w-lex or w-revlex order. For some monomial x"y/»
its order number on list is denoted as I'nd(z'my'").

Example 4.16.
Given is (u,v) = (1,2) weighted degree. For exemplary monomials, their
weighted degree is as follows:

deg, vy =deg, z'y' =1-1+2-1=3
deg, 2’y =1-2+2-1=4
deg,2®=1-34+2-0=3
It can be observed that deg, xy = deg,, x*. For w-lex order:
Ty < a’,
because looking at exponents of variable x, 1 < 3. For w-revlex order:
Ty > a°,
because 1 £ 3.

Fragment of ordered list for (1,2) w-revlex is shown in table 4.3.

Multiplicities of zeroes

Multiplicity of zero in point (0,0) is such number m, for which a polyno-
mial Q(z,y) cannot be factorized to any polynomial of type a; jz’y’, where
a;; # 0, ze i4+j < m. For point (a, 5) polynomial Q)(x,y) polynomial Q(z,y)
is of multiplicity of zeroes of order m, if polynomial Q(z+ «, y+ ) is of mul-
tiplicity of zeroes of order m in point (0,0). To compute what multiplicity
of zeroes is given polynomial Q(x,y), there can be used Hasse derivative.
Equation for Hasse derivative is as follows:

e ()
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inyin  deg, 'y’ Ind(zimyn)
2%y? 0
21y
220
20y
250
21yt
iy
22y
202

= R W W NN
O 1O Ul Wi~ O

Table 4.3: Fragment of ordered list of monomials of type xz™y/» for order
(1,2) w-revlex.

For binomial coeflicient (Z) it is true that n > k£ > 0, then Hasse derivative
can be expressed as:

Qe =323 (1) (v

Some polynomial Q(z,y) is of multiplicity of zeroes of order m in points

(o, B), if:
QT,S(&7/B>:O f0r0§T+8<m

Example 4.17.
Given is polynomial Q(z,y) = xy + x?y®. Order of multiplicity of zeroes in
point (0,0) is m = 2, because the smallest sum of exponents is the smallest
for nonzero monomial xy and is equal to 2.

Hasse derivative for polynomial Q(x,y) is expressed as:

()= ()

If order of multiplicity of zeroes is m = 2, then it must be satisfied for
0 <r+s < 2that Q,5(0,0) = 0. Such (r, s) pairs are (0,0), (0,1) and (1,0):

o= () (v () (o
o= () (o () (o -
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= () (e

However for (r,s) = (1,1), where 0 < 2 £ 2 and if 0° = 1, then:

aum= () (o ()

Number of polynomial coefficients

Interpolation step of Guruswami-Sudan algorithm produces following poly-

nomial of two variables:
Q(%Z/) = E E ai,ﬁiyj
i J

This polynomial can be expressed also as:

(&
Q(x,y) = Zai¢i(xay)7

=0

where ¢;(x,y) denotes i-th monomial z’y’ in given order (w-lex or w-revlex).
Parameter C' can be expressed as follows:

m—+1
ol

It is true that some polynomial Q(z,y) goes through point (z;,y;) m times,
if Hasse derivative @, s(x,y) for points (z;,y;) is equal to Q. s(x;, y;) = 0 for
all pairs 0 < r + s < m. The number of such pairs (r, s) can expressed as:

m+1
2
For code RS(n, k) there n points, through which goes polynomial Q(x,y), so
number of pairs (r, s) for n points is expressed as:

m+1
n
2
Example 4.18.

Given is polynomial Q(x,y) = zy + 2%y, which is of multiplicity of zeroes in
point (0,0) equal to m = 2. In this case all monomials of type a; ja'y’, where
i+ j < 2, have coefficients a;; = 0. It can be observed that for agoz%y°,
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ap 12" and ay gz'y°, the coefficient is zero. The number of these monomials

can be expressed as:
m+1\  (2+1\ (3 5
2 ) 2 ) \2/

Polynomial goes through point (0,0) m = 2 times. This only one point must

be passed, so:
3
c=1- =3
)

Minimal polynomial, which goes through (0,0) m = 2 times is as follows:

Q<I7 y) = Z ai¢i($7 y)

i=0

Q(r,y) =0-2%" +0 29" +0-2%" +ay; - o'y
or

Q(z,y) =0-2%° +0-2"9° +0-2%" + ago - 2%°
or

Q(z,y) =0-2°° +0- 2"y +0-2%" + aps - 2°y°

Coefficients a; 1, azp, ag2 are not equal to zero.

Error correction capability

Error correction capability of Guruswami-Sudan algorithm for code RS(n, k)
depends on length of codeword n, number of information elements k& and pa-
rameter m, which is order of multiplicity of zeroes. Weighted degree for code
RS(n,k) is set to (1,k —1). Weighted degree and w-lex order settles order
of monomials of type z'y/. During writing this master thesis, there was used
w-revlex order. Error correction capability of algorithm for parameter m is
as follows:

{max K : Ind(z*) < C}

m

tm=n—1—|

J

Ezxample 4.19.
Given is code RS(7,3). There is used (1,k — 1) w-revlex order, which is
equal to (1,2) w-revlex. Error correction capability of Guruswami-Sudan
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algorithm depends on parameter m.

For m = 2: | 5
m +
p— pr— . p— 2]_

{max K : Ind(z¥) < C}

tm=n—1—| - ]
b—T 1 L{maLXK:InQd(:EK) §21}J

On the ordered list( if there were shown more elements on table 4.3)
Ind(2®) = 20 and this value is greatest for monomial of type 2, where
Ind(x®) < 21, so:

For m = 3:

C:?G;4>=42

1 L{maXK : Ind(x®) <42}
3
For monomial x'? it is true that Ind(z!?) = 42.

t3:7

J

ty=6—|5 =2

C:?G;J>:7o

L{maXK : In4d(x ) < 70}J

For monomial x'® it is true that Ind(z'®) = 64.

For m = 4:

ti=7-1-

ti=6-|,|=6-3=3

For parameter m = 4 algorithm can correct 1 more errors than it is denoted
by error correction capability of code which is t = 2.
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List of results

Guruswami-Sudan algorithm returns list of polynomials, where proba-
bly is placed original information polynomial. Maximal number of returned
elements is as follows:

Ly = {max K : Ind(y*) < C}

Example 4.20.
For code RS(7,3), order (1,2) w-revlex, parameter m = 4, maximal number
of returned elements is as follows:

Ly = {max K : Ind(y®) < 70} =7,

because for monomial y it is true that Ind(y") = 63 and it is greatest for
yX, where Ind(y®) < 70.

4.5.1 Kotter algorithm

Kotter algorithm computes Hasse derivative @, s(z,y) for all points of
received vector. On of the key element of algorithm is order of pairs (r, s),
which are parameters of Hasse derivative. This order is as follows:

(0,0),(0,1),...,(0,m—1),(1,0),(1,1),...,(1,m—2),...,(m —1,0)
It can be also expressed as:
K =1{(0,0),(0,1),...,(0,m—1),(1,0),...,(m—=1,m—=1)}\{(7,J) : i+j < m}

Kétter algorithm is used to construct polynomial Q(x, y) during interpolation
step of Guruswami-Sudan algorithm and is as follows:
1. Given is following input data:
e maximal number of returned elements on the list L,,,
e set of n points (ay, 5;) for i = {1,2,...,n}, which symbolize
received vector,
e order of multiplicities of zeroes for points (o, 8;) — m,
e order of type (1,k — 1) w-revlex for code RS(n, k),
e ordered table of pairs (r,s) — K.
2. Create Ly, + 1 polynomials g;(z,y) = ¢’, where j = {0,1,..., L, }.
3. Set variable ¢ = 1, which will point number of currently evaluated
point (o, ;).
4. If ¢ > n, then go to point 14, else set new point (a,b) = (o, 8;) and
continue.
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10.

11.

12.

13.
14.

Set variable 7 = 1, which will point (r, s) pair in table K.

Ifj; > (m; 1), then increase variable ¢+ = 7 + 1 and return to point 4,

else set current pair of Hasse derivative arguments (r, s) = K[j].
For each polynomial g;(x,y), where j = {0,1,..., L,,}, compute dis-
crepancy A;, which will be used to modify polynomial g;(z,y):

Aj = Qrsgjla,b)

Construct set J, which consists of indices j, where A; # 0.

If set J is empty, then increase 7 = 7 + 1 and go to point 6, else
continue.

Find polynomial of least degree in set J and remember its index j*:

J* = argmin{g;(z,y) : j € J}
Set two auxiliary variables:
f=gp(xy) A=A

For each polynomial g;(z,y), where j € J, do:
o if j £ j*, compute:

g9i(x.y) = Agj(x,y) — A f
e if j = 5% compute:
gi(z,y) = Az —a) f

Increase variable j = j 4+ 1 and go to point 6.
Choose polynomial of least degree within set g;(x,y) and return it:

Q(r,y) = g;j(r,y),

where deg,, g;(z,y) is least for j = {0,1,...,L,,}.

Example 4.21.

Given is code RS(7,3), parameter m = 4. Algorithm can correct up to t; = 3
errors and returns maximally L, = 7 potential information polynomials.
Given is vector of information elements:

m = (a,a? 1)

Codeword created with original method is as follows:

c=(a" a% a,0,a%0,a")
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Received vector is as follows:

5

r=(« .a% o, 0,02, 1,a4)

Error vector is as follows:
e=1(0,0,0,0,1,1,1)

There occured 3 errors. Previously described algorithms (PGZ, BMA etc.)
are able to correct up to 2 errors. There will be created polynomial Q(z,y),
which will be m = 4 times go through points:

(1,0°), (o, a®), (a?, a), (a?,0), (a*, ), (a®, 1), (a®, a*)

First point comes from support set, and second point comes from received
vector. Parameter m is equal to 4, so parameters (r,s) of Hasse derivative
are:

K ={(0,0),(0,1),(0,2),(0,3),(1,0), (1,1),(1,2),(2,0), (2,1), (3,0)}

For code RS(7,3) there is used (1,k — 1) = (1,2) w-revlex order.
First step of K&tter algorithm is to created L,, + 1 polynomials g;(z,y):

gor.y)=1 gz.y)=y gy =y

g y) =y galwy) =y' gsla,y) =9°
g6(z,y) =9 gr(z,y) =y’
Variable 7 is set to ¢« = 1. Evaluated point is:

(a,0) = (i, B;) = (a1, B1) = (1,0”)

Variable j is set to j = 1 and points on first pair (r, s) from table K: (r,s) =
K[1] = (0,0) For each polynomial g;(x,y) there is computed Hasse derivative
with parameters (r,s) = (0,0) and for point

(a:,y) = (a>b) = (1,045)2

A_g]rsxy ZZ()()QZ] yj—s
i>r j>s

For go(z,y) = 1:

B0 = (a1 o) = () ()10 =1
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For gi(z,y) = y:

At = (g1)oo(1,0°)

|
N\
o O
~
N
O =
~
[a—y
[en}
s
o
Z
T
[en}
I
o
at

For go(z,y) = y*:

Ao = (gho1.0®) = () (S )10 = o
For g3(x,y) = y*:

Ba=(gahalt,®) = () (§) 1 =
For g4(z,y) = y*:

8= analt o) = () (o) 10y = ot

For gs(x,y) = y°:

For g;(z,y) = y":

0\ (7
Az = (gr)oo(1,a°) = (0) (0) 1°7%a”) ™ =1
All values of A; are not equal to zero, so set J is as follows:
J=140,1,2,3,4,5,6,7}
The least weighted degree deg,, is go(x,y) = 1, so:
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Polynomials g;(z,y) are modified. For j = j* = 0:
go(z,y) < Alx—a)f=1-(z—1)-1=x+1
For j # j*:
gz, y) <« Agi(x,y) —Aif=1-y—a”- 1=y +a’

g2(2.y) = Aga(z,y) = Nof =1-y° —a’- 1=y +a°
g3(,y) < Ags(z,y) = Asf =1-¢° —a-1=¢’ +a
ga(z,y) « Aga(m,y) —Ayf =1-y* —ab-1=9y*+af
g95(x,y) < Ags(z,y) — Asf =1-y° —
gs(z,y) < Ags(r,y) —Agf =1-35—a® 1 =95 +0a?
gi(z,y) — Agr(z,y) —Aqf=1-9" —1-1=9"+1

Next, there is increased variable j <— j+1 and algorithm modifies polynomials
gj(x,y) for next pair (r,s). When there have been evaluated all points, then
from polynomials g;(x, y) must be choosen this of least weighted degree. The
result of algorithm is as follows:

Q(r,y) =

-1:y5+a4

=y (@®) +y%(a’2® + az® + afz + af)
+ y°(az® + %2 + o'2® + a'a® + o?)
+ y* (2" + a®2% + ax® + 2 + o2 + aPx 4 o?)
+ v (ax? + af2® + a®2" + a*2® + af2® + P2t

+a’2® + o’r? + o’z + o?)
+ (022" + o' + 02?4+ aa® + o’ + a'a®

+2° + o?a' + 2° + o'2? + 2 + o?)
+ y(az™® + a®2'? + a2t + 27 + a*2® + o’2" + o?2®

+alz? + o’2® + o'z + a?)
+ (a2 4 2 1 0322 4 bz 4 aBp0

+ar? + a’z® + a's" + a2’ + atat + 27 + oPx)
Each points from received vector:
(1,0%), (a, 0%, (o®, @), (a”,0), (a*, a”), (a”, 1), (%, o),

is zero ofpolynomial Q(z,y). Furthermore, each point is zero of multiplicity
of order 4, which means that polynomial Q(z,y) goes through points 4 times.
Hasse derivative of polynomial Q(z,y) for each points and all pairs r +s < 4
is equal to zero.
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4.5.2 Roth-Ruckenstein algorithm

Roth-Ruckenstein algorithm is used to factorize polynomial Q(z,y) to
polynomials y—p;(z), which divide Q(x,y) [18]. It is possible to set maximaly
degree of polynomials p;(x) and for code RS(n, k) it is k—1. Algorithm works
recursively and searches in depth all possible solutions. Each recursive call is
to find new coefficient of some of searched polynomial p;(x). Maximal depth
of recursion is k£ — 1.

Roth-Ruckenstein algorithm is as follows:

1. Input data is as follows:

e polynomial of two variables Q(zx,y), which is factorized to poly-
nomials of type y — p;(x) of degree less or equal to k — 1,

e maximal degree of polynomials p;(x), which is k — 1,

e variable u which describes depth of recursion. For first call of
algorithm v = 0 and for next calls this value is passed as param-
eter.

e polynomial p;(z). For first call it is p;(x) = 0, and for all next
calls it is passed as parameter. On recursion depth u = 0 there
are computed coefficients for 2°, on depth u = 1 for 2! etc. For
each new call of algorithm there is passed copy of polynomial
pi(z), whose coefficients were computed in previous branch of
recursion.

2. Find roots of polynomial Q(0,y), substituting y with all elements of
Galois field over which is created code.
3. For each root «, of polynomial Q(0,y) do:

e compute:
Qi(xa y) — Q(CE, zry + an)

e find such monomial of type x" for greatest exponent r, where ="
divides Q;(z,y) without remainder,
e divide polynomial Q;(z,y) by monomial z":

e set root «y; as coefficient of polynomial p;(z) for z*,

— if (u+ 1) < k, then open new recursive call and go to point 2
with parameters of polynomial Q;(x,y), polynomial p;(x) and
depth of recursion u + 1,

— else if (u+1) =k and Q;(z,0) = 0, then polynomial p;(z) is
returned as result and evaluated branch of recursion is closed,

— else close currect branch of recursion.
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Example 4.22.
There will be factorized following polynomial:

Q(z,y) =y (a?) + y°(a°2® + az® + o’z + )
+ y°(az® + %2 + o'2® + a'2® + o?)
+yt(z” + a®2% + ax® + 2t + o2 + aPx 4 o?)
+ v (ax? + af2® + a®2" + a’2® + af2® + P2t
+a’2® + o’r? + o’z + o?)
4202t 1 o2 4+ ata? + agd + %27 + a'ad
+2° + o’ + 2* + a'2® + 7 + oP)
+ y(az'® + a®2'? + a®2't + 27 + o*2® + o®27 + 22"
+az* + o’2® + o'z + a?)
+ (2" 4+ 28 + aB2'? + oSzt + o320
+ar? + a’z® + a's" + a2’ + atat + 27 + oPx)
For code RS(7,3) information polynomials can be of maximal degree of k —
1 =3 —1 = 2. Initial depth of recursion is u = 0. Firstly, there are searched
roots of polynomial:

Q0,y) = y"(0”) +¥°(a) + y°(o”) + y'(a”) +y°(a?) +y*(a”) +y(a’)
Following elements are roots of polynomial:
a1 =0 as=1 a3=«

064:062 0452046

First there will be evaluated element ar; = 0. There is created polynomial:

Ql(m7y) A Q(I,I‘y + O‘l) = Q(l’,fby + 0)
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Q (x,y)

1 > 1 > o2
a > o > 1
a? > () > o3
ab > o » ot is not root

Figure 4.2: Branches of recursion for Roth-Ruckenstein algorithm.

(
(o’ + az® + 2" + a®2")
+ g5 (az' + b + a'a® + a's” + a?sd)
(2! 4+ 21 + ax® + 2% + o®2" + o’2° + oPa?)
+ y*(az'? + 2! + ab2™ + ot2?
+a82® + a2 + o®2® + ®2° + P2t + o)
+ (0?2 1 ot 4 ate! o ag
+a°r? + at2® + 27 + ®28 + 27 + otat + 27 + o?2?)
+y(az™ + abe + aS2'? 1 210 4 oy
+a’z® + a?2% + a®2° + o2 + a'a? + a'r)
+ (a2 4+ 2 4 0322 4+ bz 4 aPp0

+az? + a’2® + a'a" + a2’ + o'zt + 2° + oPx)

The greatest monomial of type " which divides @ (z,y) withour remainder
is 2!, Polynomial Q,(x,y) is divided by '

Ql(i&y)

Ql(l',y) A T
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(
+ %2 + ax” + 2% + af2?)
+ g7 (az® + ab2® + ota” + ata® + aPa?)
(2" + a®2” + az® + 27 + ®2° + 2t + a®2?)
+ 3 (ax't + a2 4 a2 + a'a®
+a82" + ®2° + o*2° + o2t + 2® + o®2?)
+ y*(@®2"? + oo™ + a*2'0 4 a2
+a’2® + e + 2" + o2 4 ot +atad 2?4 a3x)
+ ylaz'® + a’2"? + af2'! + 27 + a'a®
+a’z" + a?2° + b2t + 2P + atx + o)
+ (a2 4+ 2% 4 0P + b2 + aPa?

+az® + a’2" + a2 + a2’ + a'2? + 2 + o?)

There is remembered root o; = 0 and it becomes coefficient for z° of poly-
nomial p;(z) = 0- 2% Then there is called new recursive procedure for
Q1(z,y), recursion depth u < u + 1, polynomial p;(z). Subsequent steps of
algorithm are shown on picture 4.2. There result of algorithms are following

4 polynomials:

pi(7) =’z

po(r) =’ + o+ 1
p3(z) = 22 + o’z + «
pa(7) = o’2? + o?

Polynomial a*z? 4+ o’z + ab is not result of algorithm work, because in the
last evaluated recursion element a* is not root of polynomial Qs1:(z,0).
Returned polynomials creates following codewords of code RS(7,3):

5 .6 2 3 4
61:< ,Oé,l,Oé,O{,(l/,Oé)

2 6 2 6
o = (a%,a°,0,0,0% 1,a°)

5 6 6 5
3= (a’,a’,a,0,a°,0,a”)

5 3 6 4
, O, & ,0,0é,l,Oé)

ey = (a
Original received vector was:

5

r=(« .ab o, 0,02, 1,a4)

Hamming distance for vector r in order to each codeword ¢; is equal to 3.
Codeword cj3 is original codeword.
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4.5.3 Kotter-Vardy algorithm

Kotter-Vardy algorithm is used to transform probabilistic reliability in-
formation to set of points which will next used to construct polynomial
Q(z,y) [19] [18]. To each point is assigned own order of multiplicity of
zeroes my. Next, there is created set of points and it is used as input data
for Guruswami-Sudan algorithm.

Kottera-Vardy algorithm is as follows:

1. Input data is as follows:

e reliability matrix IT, where for code RS(n, k) created over GF(q),
it consists of n columns and ¢ rows. Each column describes
particular element in received vector and in rows there is given
probability which describes that given element is some element
in GF(q). For each column sum of probabilities is 1.

e parameter s, which denotes sum of all orders of multiplicity of
ZeTOes My, § = Y p_i M.

2. Create matrix M with the same number columns and rows as matrix

II, and set all values to zero.
3. Find in matrix Il an element with greatest value on some position
(1, 7), which means i-th row and j-th column.

4. Compute:
L
T M +2
5. Compute:
Mm’ — M@j +1

6. Decrease s by 1, s - s — 1. If s = 0 then return matrix M. Points
which are used during interpolation are nonzero elements of matrix M
on position (j,7), where j denotes number of column, and 7 number
of row. Order of multiplicity of zeroes for given points is my < M;;.
If s > 0, then return to point 3.

Decoder which employs Kotter-Vardy algorithm, receives as input data
received vector from communication channel. In the case of previously de-
scribed algorithm it was hard information, which means that elements of
vector were elements of Galois field. In Kotter-Vardy algorithm’s case this is
soft information, where for each element of received vector there is computed
probability that element is some element in Galois field. During writing this
master thesis, Galois field elements were represented as binary vectors, so
they consists of elements 1 and 0. For soft decoding elements of Galois field
are represented as vectors of rational numbers. They provide more informa-
tion for soft decoding and sometimes it is possible to correct more errors than
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for hard decoding. For master thesis’ purpose, there was created a method
for interfering received vector and for creating reliability matrix.
Algorithm for interfering codeword is as follows:

1. Input data:

e codeword of RS(n, k) code, where elements of vector are binary,
e parameter d, which influences amplitude of noise,
e parameter e, which influences frequency of noise.

2. Modulate codeword, that 1 - —1 and 0 — 1
3. For each bit of codeword do:

e choose random value e,4,q from 0 to 32767, using uniform prob-
ability distribution. If e,4,q9 < e, compute:

_ (€rana mod d)
N 1000 ’

then, if e,4,4 is even then to evaluated bit add value X, and if
erang 18 0dd then from evaluated bit subtract value X.

The method to generate reliability matrix II is as follows:
1. Input data:

e received vector from communication channel, whose bits are rep-
resented as rational numbers,
e parameter s, which is used to compute probability for some ele-
ments that it is one of elements in GF(q).
2. For each element of received vector r;, where i = {0,1,...,n— 1}, do:
e Compute Manhattan distance between vector of element of re-
ceived vector and each element in GF(p™):

m

d(ri,a5) = I = afl,

a=1

where 7“2-“) denotes a-th bit of vector 7;, a;; denotes j-th element of

GF(p™), aéa) denotes a-th bit of element «;. Recall that 0 — 1
and 1 — —1.
e next, for each computed value of distance do:

d(ri, O!j) — d(ri, O!j)_s
e compute, where GF(p™) = GF(q):
d(?”i, Oéj)
. d(ri7 Oéa)

a=1

d(’f’l’, Oéj) <
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codeword received vector

soft information hard information
(-1,-1-1)  (-0.942,-0.736,0.155) (-1,-1,1)
(-1,-1,1)  (0.034,-0.941,1.569) (1,-1,1)
(1,1,-1) (0.815,0.611,-1.837) (1,1,-1)
(1,1,1) (0.241,1.571,1.681) (1,1,1)
(-1,-1,1)  (-2.282,-1.92,2.231) (-1,-1,1)
(1,1,1) (1.964,-0.043,0.039) (1,-1,1)
(-1,-1,-1) (0.109,-1.28,-1.65) (1,-1,-1)

Table 4.4: Transformation from soft to hard information

e values d(r;, o), where 1 < j < ¢ are values of column for given
element r;.

Ezrample 4.23.
Given is vector of information elements:

m = (a,a? 1)
Codeword for RS(7,3) code created by original method is as follows:
c=(a’,a% a,0,a% 0,0a°)
Codeword can be also expressed in vector form:
c=((1,1,1),(1,1,0),(0,0,1),(0,0,0),(1,1,0),(0,0,0), (1,1,1))
After modulation 0 — 1 and 1 — —1, codeword is as follows:
c=((-1,-1,-1),(-1,—-1,1),(1,1,-1),(1,1,1),(—=1,—1,1),(1,1,1),(—1,—1,—-1))

Let the codeword be disrupted by the method described previously for some
parameter of noise frequency and noise amplitude. In table 4.4 there are
shown elements of codeword and elements of disrupted word. Hard infor-
mation is determined from soft information, that elements which are less or
equal zero are transformed to —1, and elements greater than zero are trans-
formed to 1. If received vector would be decoded as hard vector, then there
would occur 4 errors. Kotter-Vardy algorithm can help to transform soft
information to hard information in such way, that it would be possible to
correct more errors. Using received vector, there is created reliability ma-
trix. For next elements of received vector there is computed probability, that
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given element is some element in GF'(q). Reliability matrix fo received vector
and parameter s = 20,5 is as follows:

T 0 0 0 099 0 022 0]
0 0 000120 0 0
0 0 1 0 0013 0
q_| 0 oro 0o 0041 0
0 00 0 0 0 0
0 0 0 0 0 024 091
0.0079 0 0 0 0 0 0.09
099 030 0 1 0 0|

For clarity, values less than 0.0001 are denoted as 0. Furthermore, sometimes
sum of elements is close to 1 and to equal 1, because of floating point number
rounding. In the last but one column it can be observed the biggest uncer-
tainty. Received element is (1.964, —0.043,0.039). The greatest probability
is, that this element is o, which is denoted as (0,1,0). It would be recog-
nized so as hard information. But probability is also big, that given element
can be also 0 — (0,0,0), a — (0,0,1) and a* — (0,1, 1). First position is most
firm, which is 1.964, and it can be described as “strong” 1. Values —0.043
and 0.039 are more or less between —1 and 1, so probability that they are 1
or 0 is almost equal.

The next step is transformation of reliability matrix II to multiplicity ma-
trix M. Kotter-Vardy algorithm is used to this task. Returned matrix from
Kotter-Vardy algorithm for parameter s = 35 is as follows:

0003020
000O0O0OO0O
0040020
03000320
M= 000O0O0O0© O
000O0O023
000O0O0GO0 2
4 3 0 0 4 0 0]

Points, which will be used to interpolate polynomial Q(x,y) are (with mul-
tiplicities of zero):
(1, (JZG) my = 4
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(a*,ab) mg =4
(a® at) my =2
(a®,a?) mg =3
(a® ) mg =2
(a®,0) myy = 2
(b a®) my =
(a® a*) myy =3

Comparing Kotter-Vardy construction of set of points to interpolate poly-
nomial Q(z,y) and original method for Guruswami-Sudan algorithm, it can
be observed that:

e number of points used to interpolation for RS(n, k) code can vary than
n7
e the value of order of multiplicity of zeroes can vary from point to point.

Number of all iterations which must be done to interpolate polynomial
Q(z,y) is as follows:

1
C 5 ;:1 mi(m; + 1)

Maximal number of returned polynomials L during factorization of Q(z,y)
polynomial can be expressed as:

L Aa(0)
- k-1

A (v) =min{0 € Z : Ny uy (0) > v}
N o (9) = Ha'y? 24, j 2 01 iwx + juwy <0}

L

wx, Wy

Example 4.24.
For previous set of points and code RS(7,3), weighted degree is (1,2) w-
revlex. Number of iterations is as follows:

1

Minimal value of value of weighted degree ¢, which satisfies that number of
monomials of type x%y’ is greater than 72 is as follows:

A1,2(72) = Hlll’l{6 € Z: NLQ((S) > 72}

Monomial z'¢, where deg; » = 16, is on 73th place on monomial list of order
(1,2) w-revlex, so:

A15(72) = 16
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Maximal number of returned polynomials is at least:

16
L>——=28
—3-1

If there are given points to interpolate polynomial Q(z,y), their orders
of multiplicity of zeroes, maximal number of returned polynomials, then in-
terpolation of Q(z,y) can be started.

Modified Kotter algorithm for Kotter-Vardy algorithm is as follows:

1.

10.

11.

12.

Given is following input data:
e maximal number of returned polynomials L,
e set of h points (ay, ;) for i = {1,2,...,h}, created by Kotter-
Vardy algorithm,
e set of multiplicities of zeroes for each point m; fori = {1,2,... h},
e order (1,k — 1) w-revlex for RS(n, k) code,
e set of ordered tables of pairs (7, s) for each point (o, 5;) — K; for
i={1,2,... k).
Create L + 1 polynomials g;(x,y) =/, where j = {0,1,..., L}.
Set variable ¢ = 1, which will point number of current evaluated point
(Oéi, ﬁz’)-
If ¢ > h, then go to point 14, else set point (a,b) = (a4, ;) and
continue.
Set variable j = 1, which will point pair (r, s) in table K.
Ify> (mi;l), the increase variable ¢ = ¢ + 1 and return to point 4,
else set as current pair (r,s) = K;[j].
For each polynomial g;(x,y), where j = {0,1,..., L}, compute value
of discrepancy A;, which is used to modify polynomial g;(z,y):

Aj = Qr,sgj (CL, b)

Create set J, which consists of indices j, where A; # 0.
If set J is empty, then increase variable j = j + 1 and go to point 6,
else continue.
In set J find polynomial of least weighted degree and remember its
index j*:

j* = argmin{g;(z,y) : j € J}

Set two auxiliary variables:

[f=gp(xy) A=A

For each polynomial g;(z,y), where j € J, do:
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e if j # j*, compute:

g9i(x,y) = Agj(x,y) — A f

e if j = j* compute:

gi(x,y) = Alz —a)f

13. Increase variable j = j 4+ 1 and go to point 6.
14. From set of polynomials g;(z,y), choose this one of least weighted
degree and return it:

Qz,y) = g;(z,y),
where deg,, g;(z,y) is least for j = {0,1,...,L}.

Original Roth-Ruckenstein algorithm can be used to factorize polynomial

Q(z,y).
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5. Implementation

Algorithms described previously were implemented in hardware and in
software. Following algorithms were implemented in software:
e cyclic decoding with use of remainder of division of received vector by
generator polynomial,
Peterson-Gorenstein-Zierler algorithm,
Berlekamp-Massey algorithm,
Sugiyama algorithm without erasures,
Sugiyama algorithm with erasures,
Forney algorithm and Chien search,
Guruswami-Sudan algorithm, and Kotter algorithm and Roth-Ruckenstein
algorithm for hard decoding,
e Guruswami-Sudan algorithm, and Koétter-Vardy algorithm and modi-
fied Kotter algorithm for soft decoding.

Algorithms which were implemented in hardware:
e error trapping decoder,

Peterson-Gorenstein-Zierler algorithm,

Berlekamp-Massey algorithm,

Sugiyama algorithm,

Forney algorithm, Chien search.

Algorithms are based on mathematical functions of Galois fields, and there
were also implemented functions for polynomials of one and two variables,
vectors and matrices.

Figure 5.1: Symbols of elements: a) element which adds two elements of
field or two polynomials, b) registers which holds one element of field, ¢)
element which divides two elements of field or two polynomials, d) element
which multiplies two elements of field or two polynomials, e) element which
gives out multiplicative inverse of element in field.
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Figure 5.2: Adder for GF(8).

5.1 Arithmetic operations for Galois fields

Implementations of operations in Galois fields in hardware and software
are different. It is mainly caused by representation of field elements. In
software Galois field elements are represented as positive integer numbers
0,1,2,...,¢9 — 1, and in hardware as binary vectors. There are used Galois
fields of characteristic 2. Characteristic of fields doesn’t complicate imple-
mentation in software much, but it affects much hardware implementation. In
software implementation biggest field which can be used is GF'(256), because
elements are represented as bytes. Of course, elements can be represented
by bigger data types than byte, but there was no need to use so big fields.
Elements of GF(256) use all 8 bits of byte, and elements of fields less than
GF(256) waste some space. In software implementation there can be used
fields from GF'(4) to GF(256), and for hardware implementation it is more
static, because decoders are implemented just for one field.

In software implementation there are two solutions for multiplication of
Galois field elements: LUT tables and computing multiplication in real time
with use of Zech logarithm. LUT tables don’t require implementation of
arithmetic operations, and result of multiplication is read straight from mem-
ory addressed by multiplication operands. The drawback is that data must
be stored in memory. With increase of number of field elements, multipli-
cation will work slower because data in cache memory is exchanged more
often. However for field GF(256) number of elements which must be stored
is (results of multiplication):

Npygp=22""1_3.9m 141
Nigr =2% —3-274+1 = 32768 — 384 + 1 = 32385
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Figure 5.3: Multiplication element for GF(8).

To store results of multiplication and addition there is needed 2 - 32385 =
64770 bytes of memory, which is not so big constraint for current technology.
In the case of computing result in real time, there must be implemented
units which multiply and add elements of Galois field. Furthermore, there is
needed table of Zech logarithms values. Zech logarithms can be computed
with use of Imamura algorithm. For field GF(q) there must be stored ¢
Zech logarithms. For example, for GF'(256) there must be stored 256 bytes.
Addition in real time complicates structure of decoder, but it doesn’t require
much of memory, so it can be used in systems, where memory is limited.

For fields of characteristic 2 subtraction is equivalent to addition, so all
solutions of addition can be used for subtraction.

Division can be processed as multiplication of dividend and multiplicative
inverse of divisor. Multiplicative inverse of element z in Galois field GF(q)
is ¢ — x except for 1 it is 1. Then multiplication is done.

In hardware implementation elements of field are stored in registers. Reg-
isters consist of flip flops, where one flip fop stores one bit of element vector.
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For GF(2™) registers is of length m. There is used representation as poly-
nomials for Galois field elements. Its advantage is that it’s easy to construct
multiplication units for this representation. Addition is done with use of
XOR function. Exemplary adder of two elements in GF(8) is shown on pic-
ture 5.2. Each bit of the first operand is XOR’ed with adequate bit of secoind
operand. Multiplication can be done as multiplication of two polynomials.
Let one of factor of product be a(r) = @, 2™ ' + ... + a1x + ag, and the
other is b(x) = by, _12™ ' + ... 4+ bz + by. Operations are done in GF(2™)
created by primitive polynomial p(x) = p,2™+. ..+ p1z+po. Multiplication
can be expressed as follows:

c(x) = a(z)b(x) mod p(x)

Ezxample 5.1.

There will be designed multiplication unit for elements of field GF'(8) created
by primitive polynomial p(z) = 2® + x + 1. Elements of GF(8) can be
represented as polynomials of type:

a2332 + a1z + ag
Multiplication can be expressed as:
c(x) = a(z)b(z) mod p(x)

c(x) = (agx® + a17 + ag) (byr® 4+ by + by) mod (2 + 2 + 1)
c(x) = (agbgtay b1—|—a0b2—|—a21)2)x2—|—(a1 bataobitasbatasbitay by ) xH apbgtasbitar be)

Addition can be proceeded by XOR function, and multiplication can be done
with AND function. Multiplication unit for any two elements of field is shown
on picture 5.3.

Sometimes there is need to multiply elements of Galois field by constant.
Unit which multiplies elements by constant is less complicated than unit
which multiplies any elements of field. To construct unit which multiplies by
constant, there must be known vector representation of constant and m linear
independent vectors for GF(2™). There are used to construct multiplication
unit by constant a linear indenpendent vectors for elements 1, c, ..., o™ %

Taking into account table 5.1 there can be devised functions which will
be used to create multiplication unit by constant:
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100 — 100
010 — 101

001 — 111
110 — 011
011 — 110
111 — 001
101 — 010

Co

C1

C2

Figure 5.4: Unit which computes multiplicative inverses in GF'(8).

Figure 5.5: Division of element a by element b in field.

o |ay a A1 | b, ceo by

1 |1 0 0 a otV

a |0 1 0 | act! S O
am2 0 0 1 | actm-2 | ple B e )

Table 5.1: Multiplication of linear independent vectors by constant.
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Oéi ag ap as OC4+Z bg b1 b2
1{1 0 0| a* |0 1 1
a0 1 0] |1 1 1

210 0 1| a% |1 0 1

Table 5.2: Multiplication of vectors by constant a*.

a a™—2
bo = b ag + b\a; + ...+ 00" Dy,
m72)

b = bMag+ 0% + ..+ 0 Dy,
bm,1 = bg),lao + bﬁzlal + ...+ bfﬁ;:nl_Q)am,I

Using these functions, there can be created multiplication unit by constant.

Example 5.2.
There will be designed multiplication unit by constant a* for field GF(8).
Element o in polynomial representation is as follows:

RY(z) =2+ 1

There are needed 3 linear independent vectors (here they are represented as
polynomials):

Using table 5.2, there can be devised following equations:

b0:0~a0—|—1~a1—|—1-a2
bi=1-ap+1-a1+0-ay
bgzl-ao+1-a1+1-a2

After elimination of not needed values:

boza1+&2
by = ap + a;

bgza0+a1—|—a2
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Figure 5.6: Multiplication unit by constant a* in GF(8).

Multiplication unit by constant o is shown on picture 5.6.

Computing multiplicative inverse of some element can be worked out as
simple memory, which stores pairs of Galois field element and its multiplica-
tive inverse. Exemplary unit which computes multiplicative inverse is shown
on picture 5.4. There can be made reduction of stores pairs by half, because
elements are first half elements is symmetric to the second half. Input ele-
ment will be compared with two elements in pair and there will be returned
element which is not equal to input element.

Division can be done as multiplication of multiplicative inverse of divisor.
Division for Galois field elements is shown on picture 5.5.

5.2 Polynomials

Polynomials, whose coefficients are Galois fields elements, are broadly
used in Reed-Solomon decoders. The often used operations associated with
polynomials are:

e addition of polynomials,

multiplication of polynomials,

division of polynomials (Sugiyama algorithm),

computing remainder of polynomial division (cyclic decoding),
evaluation of polynomials.

Addition of polynomials can be done by addition of coefficients on the
same position in both polynomials.

Multiplication of polynomials gives as a result polynomial of degree of
sum of degrees of multiplied polynomials. On picture 5.7 there is shown unit
for multiplication of polynomials. One of the multiplication factors is polyno-
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Figure 5.7: Multiplication of polynomial a(x) by polynomial b(x). The
result is polynomial ¢(z).

mial b(z) of degree ¢. On this position there can be placed any polynomial of
degree not greater than ¢. If there is need that factor on this place is polyno-
mial of degree m, where m < t, then on position by must be placed coefficient
of this polynomial on position z° and on next positions there is placed rest of
coefficients. Positions from ¢ to t —m + 1 are filled with zeroes. All registers
must be filled with zeroes before polynomial multiplication. Combinational
unit for polynomial multiplication can be designed similar to multiplication
of two Galois field elements represented as polynomials.

Division of polynomials is base of Euclidean algorithm which is used in
Sugiyama algorithm. On picture 5.8 is shown unit for polynomial division.
This unit is used also to compute remainder of polynomial division. Maximal
degree of divisor is t. Any polynomial of degree not greater than ¢ can be
divisor. If divisor is of degree m, where m < t, then highest coefficient of
polynomial is on position b;, and on lower positions is stored remainder of
coefficients. Positions from ¢t —m — 1 to 0 are filled with zeroes. All registers
must be filled with zeroes before division.

Evaluation of polynomial can be done by multiplication of coefficients
with consecutive powers of variable and after that sum of all products is
done. Number of multiplications can be reduced with use of Horner’s rule.
Given is polynomial:

w(r) = qz’ + ...+ a1z + ag
This polynomial can be also rewritten as:
w(z) = z(x(x(. .. x(qx + a_1) + ar_2) ...) + ag

On picture 5.10 is shown unit, which sequentially evaluates polynomial, and
on picture 5.9 is shown unit, which evaluates polynomial combinationally.
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Figure 5.8: Division of polynomial a(x) by polynomial b(z). Result of
division is polynomial ¢(x) and remainder is polynomial d(x).
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Figure 5.9: Combinational evaluation of polynomial with use of Horner’s
rule.
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Figure 5.10: Sequential evaluation of polynomial with use of Horner’s rule.

Sequential unit’s registers must be filled with zeroes before polynomial eval-
uation.

5.3 Error trapping decoder

Error trapping decoder decodes received vectors cyclically [9]. It is used
for systematic RS(n, k) code with error correction capability of ¢. It consists
of four parts:

e syndrome register,

e buffer register,

e unit which checks Hamming weight of syndrome,
e control unit.

Syndrome registers is built on division unit which divides received vector by
g(x). It consists of 2t registers which store Galois field elements, not more
than 2t multiplication units and 2¢ addition units. There are processed two
operations, division of received vector by code generator, and also there is
computed remainder of this division. Remainder of this division is syndrome
vector.

Buffer register consists of k registers which store Galois field elements.

Unit which checks Hamming weight of syndrome is used to signal situa-
tion when Hamming weight of syndrome is less or equal to error correction
capability ¢t. It can be constructed as counter of ones and comparator. If
given element of Galois field represented as vector is nonzero vector, then it
can be interpreted as element 1. To this transformation OR gate can be used.
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Figure 5.11: Error trapping decoder - general overview.

Next ones are counted and number of ones is compared with error correction
capability of code.

Control unit is used to control buffers b; and by, and syndrome registers
and buffer register. Control unit’s work is influenced by signals received from
unit which checks Hamming weight of syndrome register.

Error trapping decoding algorithm is as follows:

1. Fill all registers with zeroes.

2. Fill buffer register and syndrome register in k cycles with information
elements of received vector. Freeze state of buffer register. Gate b; is
open, and gate by is closed.

3. In the next n — k cycles feed syndrome register with remainder of
received vector.

4. Check Hamming weight of syndrome.

e if Hamming weight of syndrome is less or equal to error correction
capability, then it means, that there are no errors or there are
contained within control elements of received vector. Open gate
b, and close gate b,. In next k£ cycles move out simultaneously
elements from buffer register and syndrome register. Correct
errors if it is necessary.

e if Hamming weight of syndrome is greater than error correction
capability, then continue.

5. Shift syndrome register in 1 < i < k cycles.
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Figure 5.12: Error trapping decoder for RS(7,3) code with code generator
g(z) = 2t + 323 + 2% + az + o®.

n-k
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1 ] L

Figure 5.13: Errors which are corrected during step 4 for RS(15,5) code.
With the red color there are marked positions, where error can occur, and
with green color are marked positions where error cannot occur.
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Figure 5.14: Errors which are corrected during step 5 for RS(15,5) code.
With the red color there are marked positions, where error can occur, and
with green color are marked positions where error cannot occur.

==

==

Figure 5.15: Errors which are corrected during step 6 for RS(15,5) code.
With the red color there are marked positions, where error can occur, and
with green color are marked positions where error cannot occur.
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Figure 5.16: Error trapping decoding for RS(15,5). Syndrome register’s
state during first n = 15 cycles.
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Figure 5.17: Shifting syndrome register until Hamming weight is less than
error correction capability of code (pointed by red line).

e if during i-th cycle Hamming weight of syndrome is less or equal
to error correction capability of code, then errors are contained on
Ti1,---,Tn_kri—1 POsitions of received vector. Gate b; and b, are
closed, syndrome register is frozen. From buffer register there are
moved out first ¢ elements, then gate by is opened and syndrome
register is shifted out and eventually errors are corrected.

o if during 1 < ¢ < k cycles Hamming weight was always higher
than error correction capability, then continue.

6. Shift syndrome register 1 < j7 < n — k times.

e if during j-th cycle Hamming weight of syndrome is less or equal
to error correction capability of code, then errors are contained on
70, ...,7j—1 and on r,_j_1,..., 7,1 positions. Gate b; is closed
and syndrome register is shifted n — k — j times. After that gate
by is opened and with next cycles content of syndrome register
and buffer register are moved out.

7. If after n cycles there was found no syndrome with Hamming weight
less or equal to error correction capability, then signal that there oc-
cured non correctable error pattern.
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Figure 5.18: Correction of received vector r(z) with syndrome register e(z).

Example 5.3.
Given is code RS(15,5) and following codeword:

= ((1000), (0001), (1000), (0001), (0010), (1100), (0011), (1010),
(0101), (0010), (1110), (0011), (1100), (0001), (0100))

Error vector is as follows:

= ((0000), (0100), (0000), (1110), (0000), (0000), (0000), (0000),
(0000), (0000, (0000), (0000), (0011), (0000), (1000))

Received vector is as follows:

= ((1000), (0101), (1000), (1111), (0010), (1100), (0011), (1010),
(0101), (0010), (1110), (0011), (1111), (0001), (1100))

To buffer register are moved in following elements rg, ..., r4:
(1000), (0101), (1000), (1111), (0010)

Entire received vector is shifted to syndrome register, what is is shown on
picture 5.16. There is checked Hamming weight of syndrome. It is greater
than error correction capability of code t = 5, so syndrome register is cycli-
cally shifted. First & = 5 shifts didn’t result with appropriate syndrome.
Then syndrome is shifted j = 4 times more, what is shown on picture 5.17.
There is found syndrome with Hamming weight less than error correction
capability. Syndrome must be then shifted n — k — j times, which is 6 times
and then received vector is corrected, what is shown on picture 5.18.

Cyclic decoding with multithreading

Multithreading can be used to boost speed of cyclic decoding which is
finding remainder of division of received vector by code generator polynomial.
This remainder should be of Hamming weight less or equal to error correction
capability. Division of polynomials is not dependable from previous division,
so this task can be splitted within threads. For example one thread can
decode original received vector and second vector can decode received vector
shifted 7 times. First thread which finds solution, signals it, corrects received
vector and returns it.
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5.4 Peterson-Gorenstein-Zierler algorithm

Decoding with Peterson-Gorenstein-Zierler algorithms consists of three
main steps:

e finding number of errors,

e finding positions of errors,

e finding values of errors.

Finding number of errors can be done by computation of determinant of
matrix M) (4.8) for v = t and then by checking whether matrix is invertible
or not. If matrix isn’t invertible then there is computed determinant for
matrix M ™), where new v = t—1 etc. If matrix is invertible, then there must
be solved set of equations 4.8. The result is polynomial, whose multiplicative
inverses of roots are positions of errors. Syndromes values and error positions
are used to compute error values.

As it was stated earlier, determinant of matrix can be computed with
Laplace expansion. Laplace expansion is of complexity O(n!). To solve set
of equations Gauss elimination is used.

For small values of error correction capability of RS(n, k) code it is easy
to design combinational decoder [24].

Example 5.4.
There will be designed combinational decoder for RS(7,3) code. Error correc-
tion capability is t = 2. There must be compute 2t = 4 values of syndromes.
Combinational units to evaluation of polynomials will be used 5.9.

Next step is to compute number of errors. If syndromes values are zeroes,
then there are no errors or error pattern cannot be recognized. If two errors
occured then following set of equations must be solved:

51 Sa| |Asg | —S3
sy s3] A1) [—sa
Above set of equations can be rewritten as:

s10\g + s9A1 = —s3
Sol\o + s3] = —s4

Coefficients of error locator polynomial are:

—S8184 + S283
M=—f "
—S85 + 5153
2
—8254 + 83
A= 2T
S5 — 5153
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It can be observed, that in denominators of coefficients is contained value
of determinant of M®.
If one error occured, then there must be solved following equation:

[s1] [M] = [=52]
Coefficient of error locator polynomial is:

Ay =2
S1
Unit on picture 5.19 computes values of coefficients of error locator poly-
nomial A(z) and computes number of occured errors. Following things can
happen according to occured errors:

e if values of syndromes are all zeroes, then there are no errors or error
pattern is not recognizable,

e if value s3 + s;53 is not equal to zero, then there occured two errors,

e if value 52+ s1s3 is equal to zero and value s, is not equal to zero, then
one error occured,

e if value s2 + s1s3 is equal to zero and value s, is equal to zero and at
least one of syndromes is not equal to zero, then error pattern cannot
be corrected.

Computing zeroes of error locator polynomial can be done by use of combina-
tional units which evaluate polynomial for all elements of Galois field except
zero. For RS(n, k) code there are needed n units which compute zeroes.

When positions of errors are known, then there must be found values of

errors. There must be solved following set of equations:

51 = €, X1+ e, Xo+ ... +ep, X,
So = €k1X12 + 6k2X22 + ...+ ekqu

Sy = €, X + er, Xy + ... +ep, Xy

Error values can be rewritten as: For v = 1:

For v = 2:
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Figure 5.19: Peterson-Gorenstein-Zierler decoder for RS(n,n — 4).
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Figure 5.20: Computing error values for RS(7,3).
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Figure 5.21: Combinational decoder for RS(7,3).
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Figure 5.22: Exemplary result of work of decoder for RS(7,3).
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After computing error values, there must be constructed error vector and
this vector is then added to received vector in order to correct errors. On
picture 5.20 there is shown unit which computes error values. On picture 5.21
there is shown general project of decoder for RS(7,3) code. On picture 5.22
there is shown result of simulation from iSim software. Received vectors are
corrected within one cycle.

5.5 Berlekamp-Massey algorithm

Berlekamp-Massey algorithm computes error locator polynomial A(z) and
uses syndromes for that. Schema of decoder for RS(n,n —4) code is shown
on picture 5.23. It consists of four registers, one to store value of discrep-
ancy A and other 3 registers to store coefficients of error locator polynomial
A(x), auxiliary polynomial B(z) and syndrome vector. First, decoder com-
putes value of discrepancy A, multiplying elements of syndrome vector by
coefficients of error locator polynomial A(z). In parallel, there are computed
two new values of coefficients of auxiliary polynomial B(x). Multiplexer is
used to choose one of these values and it depends on value of discrepancy A
and result of 2L < r — L. Length of LFSR can be determined by checking
current degree of polynomial A(x). Multiplication by polynomial x can be
done by shifting second polynomial one time into higher position. The result
of decoder work is error locator polynomial A(z).

5.6 Sugiyama algorithm

Sugiyama algorithm computes error locator polynomial A(z) and error
evaluator polynomial Q(z). It consists of 4 registers which store coefficients
of polynomials. There is also included unit for polynomial division. Results
of algorithm are multiplied by constant As2(0). There is no need however
to get rid off this constant, because roots of A(z) are still the same and in
Forney algorithm, these constants are reduced:

B A (0)QUX;H) QX
Cr; = _Xj A272(O>A,(Xj_1> - _Xj A’(Xj_l)

On picture 5.24 is shown Sugiyama algorithm.
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Figure 5.23: Berlekamp-Massey algorithm for RS(n,n — 4).
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Figure 5.24: Sugiyama algorithm.

5.7 Chien search

Chien search is used to find error positions. For consecutive elements of
Galois field 1, ..., a2 there is checked whether evaluated element is root of
error locator polynomial. On picture 5.25 is shown design of Chien search.
It was mentioned ealier, that element A( is always 1, so it can be added to
value of polynomial for Aq,....

5.8 Forney algorithm

Forney algorithm is used to find error values. To determine error value,
there is needed derivative of error locator polynomial A’(x), error evaluator
polynomial Q(z) and error locators X;. For Galois fields of characteristic 2
derivative of A(z) can be computed as filling with zeroes all coefficients on
even positions of polynomials and then division of polynomial by polynomial

T ,
_ >0 Ny
T

A(x)

;Aj =0:for j even
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Figure 5.25: Chien search for RS(7,3).

Polynomial (z) is as follows:
Q(z) mod z* = A(x)S(z)

It can be rewritten as:

Qx) = Z D, where D(z) = A(x)S(z)

Operation modz?*! is done by omitting all coefficients on positions greater
than 2t of polynomial. Forney algorithm for RS(7,3) code is shown on
picture 5.26. It computes error values for all elements in Galois field except
zero. Forney algorithm equation is as follows:
—1
o — QX;)

) g e
’ TA(XT

Values of polynomials Q(z) and A’'(x) are computed for consecutive elements

L,a,...,a’ Elements X; are then as follows: 1,a% a’,..., a.

5.9 Guruswami-Sudan algorithm

Gurusuwami-Sudan algorithm decodes received vector by interpolation
of polynomial of two variablies and then factorization of this polynomial.
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Figure 5.26: Forney algorithm for RS(7,3).
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During implementation of Guruswami-Sudan algorithm there were written
functions which are used to operate on polynomials of two variables, like
determining degree of polynomial, evaluation of polynomial or multiplication
of polynomial. Polynomials of two variables are ordered for variable y:

Q(z,y) = y"(wo()) +y' (wi(2)) + y*(wa(2)) + ...

In order to find degree of polynomial for some order, there must be choosen
monomial from this polynomial of greatest degree:

deg,, Q(x,y) = max{deg, y'(w;(z))}

To check if polynomial Q(x,0) is equal to zero, then there must be check
whether polynomial wg(x) is equal to zero.

To determine error correction capability of algorithm and maximal num-
ber of returned results, there must be known positions of monomial of type
2" and ¢’ on ordered list of monomials. Such list can be created by listing
monomials 'y’ in some order (1,k — 1) w-revlex. To find position of some
monomial x'y’ on this list, there is done simple search and when monomial
is found then its position is returned. Size of list increases together with k.
Furthermore, this list contains many monomials which are not needed, so
place is wasted.

It can be observed positions of monomials z* are regular and they generate
a sequence. For order (1,2) w-revlex:

Ind(z%) = 0,

Ind(x') = 1(+1), Ind(2*) = 2
2%) = 4(+2), Ind(z*) = 6
Ind(x°) = 9(+3), Ind(2°) = 12(+3),
Ind(x") = 16(+4), Ind(z®) = 20(+4),
Ind(z°) = 25(45), Ind(x'°) = 30(4+5),
Ind(z"™) = 36(+6), Ind(x'?) = 42(+6)

I
w
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For order (1,4) w-revlex:

Ind(2") =0,
Ind(z') = 1(+1), Ind(2?) = 2(+1), Ind(2*) = 3(+1), Ind(z*) = 4(+1)
Ind(2°) = 6(+2), Ind(2°) = 8(+2), Ind(z") = 10(+2), Ind(x®) = 12(+2)

Ind(2°) = 15(+3), Ind(x'°) = 18(+3), Ind(z'") = 21(+3), Ind(x'?) = 24(+3)

Function which determines position of monomial 7 on ordered list for
order (1,k — 1) w-revlex is as follows:

Dane wejsciowe: order (1, k - 1) w-revlex,
exponent j of monomial x7j
int order = 0; //position on the list
int counter = k - 1; //variable which is used to increase
//value which is added to position
//during iterations
int add_value = 1; //value which is added to position
//during iterations
for(int i = 0; i < j; i+H){
order = order + add_value;
counter—-;
if (counter == 0){
counter = k - 1;
add_value = add_value + 1;

by

return order;

For monomials of type 4 first positions on the list of order (1, 4) w-revlex
are as follows:

Ind(y°) = 0, Tnd(y") = 5(+1 +4), Ind(y®) = 14(+1 + 4 + 4),

Ind(y®) = 27(+1 + 4 + 4 + 4), Ind(y*) = 44(+1 + 4 + 4 + 4 + 4),
Ind(y®) = 65(+1 + 4 +4+4+4+4)
For order (1,2) w-revlex:
Ind(y°) = 0, Ind(y") = 3(+1 + 2), Ind(y®) = 8(+1 + 2 + 2),

Ind(y®) = 15(+1 42+ 2+2), Ind(y") = 24(+1 + 2+ 2+ 2+ 2),
Ind(y®) =35(+1+2+2+2+2+2)
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Dane wejsSciowe: order (1, k - 1) w-revlex,
exponent j of monomial y~j

if(j == 0)

return O;
int add_value = k; //value which is added to position

//during iterations

int order = 0; //position on the list
for(int i = 0; 1 < j; i+H){

order = order + add_value;

add_value = add_value + k - 1;

by

return order;
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6. Evaluation

6.1 Simulation setup

Implemented algorithms are tested in order to evaluate time of decoding,
because this variable describes mostly computional complexity of algorithms:

e number of errors in received vectors,
length of codeword,
number of control elements,
value of order of multiplicity of zeroes (Guruswami-Sudan algorithm),
noise intensity in received vector (soft Guruswami-Sudan algorithm -
Kotter-Vardy algorithm).
The focus was mainly on testing of software implementation. To check how
much time decoders were working, there was used class CStopWatch [20]. To
simulate algorithms implemented in hardware, there was used iSim simulator,
which is part of Xilinx ISE Webpack. Results of tests and conclusions are
written in the next part of this chapter.

There were done 100 iterations for each experiment case and mean from
returned values is given as final result. Simulator lets to specify following
properties of code:

e length of codeword,

field used to create code,
number of control elements,
number of occured errors,

noise in communication channel.

All independent variables except noise in communication channel are applied
to all decoding algorithms. Noise in communication is applied only for soft
decoding Guruswami-Sudan algorithm, because only this algorithm can use
soft information.

Returned results from decoders are compared with original codeword in
order to check whether decoding process was correct. There is also returned
status information which determines if received vector was without errors or
there occured errors and they were corrected or there occured errors and they
cannot be corrected. Another variable which describes decoding process is
time of decoding.
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7. Results and discussion
7.1 Cyclic decoding

Cyclic decoding is done by searching some remainder of division of re-
ceived vector by code generator polynomial. To find appropriate remainder,
sometimes received vector must be shifted some times and division must be
processed. If there is the same probability that errors occur on some position,
then average there must be done about § shifts for RS(n, k), so decoding
takes more time with increase of length of codeword.

Degree of code generator polynomial is associated with error correction
capability. If error correction capability is higher, then there must be done di-
vision on longer polynomials. Remainder from division covers more elements
in received vector when error correction capability increases. For small codes
like RS(7,5) or RS(7,3) time of decoding can differ much, but with increase
of information elements in code, the difference is less. On picture 7.4 is shown
graph for 3 codes of constant codeword length, but variable information el-
ements in codeword. With increase of information elements, degree of code
generator polynomial is smaller, and thus, division takes more time.

Cyclic decoder in hardware implementation consists of 4 parts:

e syndrome register,

e buffer register,

e unit which checks Hamming weight of syndrome,
e control unit.

Syndrome register becomes bigger together with error correction capabil-
ity. It consists of division unit with 2¢ registers for Galois field elements, at
least 2¢ multiplication elements by constant and 2¢ addition elements. With
increase divisor by 1, there is added 1 register for Galois field element, 1
multiplication element and 1 addition element.

Buffer register consists of k registers for Galois field elements. It becomes
bigger linearly with increase of information elements in code.

Unit which checks Hamming weight of syndrome must recognize more
syndrome patterns when error correction capability increases, so unit be-
comes more complicated.

Cyclic decoding has a drawback, that errors must be contained within
2t consecutive positions on received vector. For 1 error patterns it is no
constraint, but for 2 error patterns this is possible that no error patterns
will be corrected, altough code theoreticaly should correct there errors. On
graphs 7.1, 7.2 and 7.3 there are shown times of decoding for 3 codes RS(n, k)
and amount of received vectors which were decoded not correctly. It can
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Figure 7.1: Cyclic decoding for RS(31, 23) with amount in % of not
corrected received vectors.
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Figure 7.2: Cyclic decoding for RS(63, 55) with amount in % of not
corrected received vectors.
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Figure 7.3: Cyclic decoding for RS(15, 7) with amount in % of not
corrected received vectors.
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Figure 7.4: Cyclic decoding for RS(15, k), RS(31, k), RS(63, k).
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be observed, that decoding time for RS(63,55) is about 10 times longer
than for code RS(31,23) and about 90 times longer than for RS(15,7) code.
All of these codes have the same error correction capability. The factor
which influences time of decoding is that for longer codes there must be cone
more shifts to find appropriate remainder from division, and for longer codes
division is done on longer polynomials. It can be also observed that amount
of not correctly decoded received vectors increases with length of codeword.
For example for RS(15,7) there doesn’t exist error pattern with 1 or 2 errors
which cannot be correct, but it doesn’t correct all 3 error patterns. It is worse
for longer codes, RS(65,55) cannot correct about 80% of error patterns with
2 errors, however theoretically it can correct up to 4 errors.

Decoding can be boosted with use of multithreading. In the worst case
there must be done n — 1 shifts in order to correct received vector. Divisions
of polynomials can be split between 2 or more threads. On graph 7.5 there
is shown that two threads can speed up decoding.

20
18

— = = =
o O N = O

time of decoding]s]

-~

1 thread

04 2 threads

00 2 4 6 8 1012 14 16 18 20 22 24 26 28 30

error position

Figure 7.5: Cyclic decoding with multithreading.

7.2 Computing error positions

To compute error positions are used following 3 algorithms:

e Peterson-Gorenstein-Zierler algorithm,
e Berlekamp-Massey algorithm,
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Figure 7.6: Computing syndromes with classic method and with Horner’s
rule.

e Sugiyama algorithm with erasures and without erasures.

These algorithms can correct number of errors up to theoretical error correc-
tion capability.

Input data for algorithms are 2¢ syndromes. Syndromes can be computed
with classic method by multiplying all coefficients of received vector by pow-
ers of variable and sum of all products. Horner’s rule can be used to reduce
number of multiplications and boost syndrome computing. On graph 7.6
is shown difference between computing syndromes with classic method and
with Horner’s rule. Syndromes can be computed with use of sequential and
combinational units.

7.2.1 Peterson-Gorenstein-Zierler algorithm

Peterson-Gorenstein-Zierler algorithm consists of two main steps: com-
puting number of errors and finding positions of errors. Computing number
of errors can be done by computing determinant of matrix. There was used
Laplace expansion for this task with complexity O(n!), but there exist faster
algorithms to solve this task for example Sarrus method. Next, there is
solved set of equations in order to find positions of errors. There was used
Gaussian elimination for this task. On picture 7.7 is shown graph for code
RS(31,31 — 2t), where error correction capability is variable. Time of de-
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Figure 7.7: PGZ algorithm and error correction capability.

coding up to ¢t = 8 is constant in presented time dimension, but for ¢t > 8 it
increases fast.

For codes of small error correction capability there can be designed not
much complicated decoders. Example of design of such decoder was pre-
sented in last chapter. Error correction capability influences complexity of
decoder. To compute roots of error locator polynomial, there can be used
combinational units for polynomial evaluation. For RS(n, k) there must be
checked n — 1 elements of GF(n + 1), so there must be used n — 1 units
of combinational polynomial evaluation, what becomes problem for longer
codes. There must be also used n addition elements which add error vector
with received vector in order to correct errors.

7.2.2 BMA algorithm and Sugiyama algorithm

Berlekamp-Massey algorithm within 2t iterations constructs error locator
polynomial. Number of iterations is constant and is not dependent from num-
ber of occured errors. Sugiyama algorithm computes error locator polynomial
within e iterations, where e denotes number of errors, so number of iterations
is variable. With increase of error correction capability, Berlekamp-Massey
algorithms needs more iterations to construct error locator polynomial, and
Sugiyama algorithms employs longer polynomials in division. On picture 7.8
is shown how error correction capability affects (63,63 — 2t) code decoding

111



RS(63, 63 - 2t)

time of decoding]s]

13 5 7 9 11 13 15 17 19 21 23

error correction capability t

Figure 7.8: BMA algorithm for codes of variable error correction capability.
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Figure 7.9: Sugiyama algorithm for RS codes of variable error correction
capability.
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Figure 7.10: Berlekamp-Massey algorithm and Sugiyama algorithm for
RS(63,3) and variable number of errors in received vector.

for Berlekamp-Massey algorithm, and on picture 7.9 is shown Sugiyama al-
gorithm for code of variable error correction capability and for the cases of 1
and 2 errors. It can be observed, that increase of error correction capability
influences much Berlekamp-Massey algorithm, but not Sugiyama algorithm.
However decoding time for Sugiyama algorithm is dependent from number
of occured errors. On picture 7.10 are compared Berlekamp-Massey and
Sugiyama algorithms for variable number of errors. It can be observed to
for small number of errors Sugiyama algorithm works faster, but time of
decoding increases together with number of errors. For Berlekamp-Massey
algorithm time is constant.

It can be observed that for next iterations of Berlekamp-Massey algorithm
there are needed consecutive syndromes s, sg, ..., So;. In first iteration there
is needed s, in second s; and sy and so on. Decoder can work in parallel with
syndrome computation unit. If iteration in Berlekamp-Massey algorithm
lasts for 1 cycle, then syndrome computation and error locator computation
will take 2t 4+ 1 cycles.

Sugiyama algorithm returns error locator polynomial and also error eval-
uator polynomial. Berlekamp-Massey returns only error locator polynomial,
so there must be still computed error evaluator polynomial.

Time decoding can be speeded up by use of erasures. It requires that re-
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Figure 7.11: Comparision of decoding with erasures and without erasures.
For case with erasures, number of true errors (one symbol was changed to
another symbol) is equal to number of errors, and for case without erasures
number of errors and erasures is equal to half of number of errors.

ceivers understund erasures. Erasures give additional knowledge, it is known
where errors occured before starting of decoding. Moreover, more erroneous
positions can be corrected. There was implemented modified Sugiyama al-
gorithm for erasures. Decoding is faster as it is shown on picture 7.11. For
the same number of erroneous positions, there are needed less iterations.
However algorithm is a bit more complicated.

7.3 Computing error values

Error values can be computed by solving set of equation with use of
Gaussian elimination. Another method is to use Forney algorithm. Forney
algorithm uses derivative of error locator polynomial and error evaluator
polynomial. It is computed for each error position. On picture 7.12 there
are compared Forney algorithm and Gaussian elimination. Forney algorithm
solves problem by evaluation of polynomial, Gaussian eliminations solve sets
of equations. Gaussian elimination can be better for codes of small error
correction capability, but Forney algorithm has advantage when codes are
longer.

Forney algorithm can work in parallel with Chien search. In the same
time are computed error positions and error values. Chien search determines
whether position is erroneous or not.
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Figure 7.12: Comparision of Gaussian elimination and Forney algorithm.

7.4 Guruswami-Sudan algorithm

Guruswami-Sudan algorithm consists of two steps:

e interpolation step,

e factorization step.

Interpolation step is solved by Koétter algorithm. Its complexity is dependent
from number of points which are used for interpolation and from order of
multiplicity of zeroes for these points.

Order of multiplicity of zeroes influences error correction capability of
algorithm and also time of decoding. On graph 7.13 is shown how order of
multplicity of zeroes affects error correction capability. It can be observed,
that for smaller values of m it is easier to improve error correction capability
for codes with greater number of control elements. For codes with less number
of control elements improvement is worse.

On picture 7.14 is shown how order of multiplicity of zeroes affects time of
decoding. When parameter m increases, then time of decoding increases also.
For constant m for all points complexity for Guruswami-Sudan algorithm is
O(n?m?) [7].

Kotter-Vardy algorithm is used to transform soft information to hard
information, which is then used by Guruswami-Sudan decoder.

Example of corrected vector for original codeword of RS(7,3):

c(r) = a®2® + a®z* + az® + oz + o°
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Figure 7.13: Error correction capability and multiplicity of zeroes.
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Figure 7.14: Time of decoding and order of multiplicity of zeroes.
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Received vector with 6 errors:
r = ((—0.718, —0.958, —1.926), (—1.203, —1.894, —0.145),

(0.799, —0.033, —0.868), (—0.269, 0.965, 0.825), (0.054, —1.471, 1.874),
(—0.281,2.204, 1.537), (—2.24, —1.753,0.013))

Transformation of soft received vector to hard received vector, that values
< 0 are changed to 1, and values > 0 are changed to 0:

r(z) = a%2% + 2° + o*2' + 2 + o'2® + o’r + o°
Result of Guruswami-Sudan algorithm:
wi(z) = o*2* + afr + 1

wy(r) = 2° + &’ +

Algorithm was able to crrect 6 errors in received vector of RS(7,3) code.
Possibility of error correcting depends on noise which disrupted codeword.
Algorithm works good, if given value is more or less equally between —1 and
1. Furthermore, modulation can affect decoding and also method which com-
putes reliability matrix. Error correction capability of algorithm is variable
and it depends on occured errors. During tests for RS(7,3) code algorithm
could correct all 3 error patterns, often 4 errors patterns, and seldom error
patterns with greater number of occured errors.

7.5 Summary

Summarizing this chapter, there are given answers for research questions
stated before writing master thesis:

Question: What are the features of scalability and complexity of imple-
mented algorithms?

Answer: Cyclic decoding algorithm is not always able to correct all valid
error patterns, however theoretically it should be able to do it. Errors must
be contained within 2¢ consecutive positions of received vector in order to be
corrected. Cyclic decoding algorithm is able to correct all error patterns of 1
error. Time of decoding depends on error correction capability of code and
length of codeword. With increase of error correction capability there must
be executed less divisions in order to decode received word. With increase
of codeword length there must be executed on average more divisions and
division takes more time, because dividend is of higher degree.

117



Peterson-Gorenstein-Zierler algorithm is able to correct all error patterns
independently from error positions. It is not practical (due to time of decod-
ing in software implementation) for codes of high error correction capability
(for tests it was t > 8), because time of decoding increases fast as error
correction capability increases. For codes of small error correction capability
(for tests t = 2), there can be constructed efficient decoders in hardware. For
codes of higher error correction capability decoders become much more com-
plex, because additional circuits are needed. Time of decoding depends on
error correction capability and number of errors (software implementation),
but it doesn’t depend on length of codeword and number of information ele-
ments. With increase of error correction capability there must be computed
determinants of bigger matrices. If number of errors decreases, then there
must be computed determinents of higher number of matrices. Complexity
of algorithm is dependent from method of computing determinant of matrix
and from method used to solve set of equations.

Berlekamp-Massey algorithm decodes received vector within constant num-
ber of iterations, which is dependent from error correction capability. Time
of decoding depends on error correction capability. It doesn’t depend on
length of codeword, number of occurred errors and number of information
elements. Algorithm decodes received vector within 2t iterations.

Sugiyvama algorithm decodes received vector within variable number of
iterations, which is determined by number of occurred errors in received
vector. Algorithm computes also error evaluator polynomial. Sugiyama al-
gorithm employs division of polynomials, which is time-consuming operation.
Time of decoding depends on number of occurred errors in received vector
and on error correction capability, it doesn’t depend on length of codeword,
number of information elements. With increase of number of errors there
must be executed more iterations of division of polynomials.

Guruswami-Sudan algorithm is able to correct more errors than it the-
oretically should be. Time of decoding depends on length of codeword and
order of multiplicity of zeroes.

Question: What mathematical functions and modifications on algorithm
level can improve performance of decoding algorithms?

Answer: Addition in Galois fields can be done in real time with use of
Zech logarithms. Imamura algorithm can be used to compute values of Zech
logarithms.

Using erasures can cause that decoder is able to correct more erroneous
positions in received vector. However decoder is then more complicated, but
on average it can decode faster.

Computing of orders of monomials of type z* and 3’ can be described as
problem of computing next values of arithmetic progression.
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Question: Which features of software and hardware can improve perfor-
mance of decoding algorithms?

Answer: Multithreading can speed up cyclic decoding. Decoding process
can be done by independently working threads. Decoding process is finished
when one of these threads manages to decode received vector.

Addition and multiplication can be implememented with using LUT ta-
bles or computing results in real time. LUT tables dont’t require imple-
mentation of arithmetic functions for Galois fields, but they require memory.
Computing results in real time requires implementation of Galois field arith-
metic, but it requires less memory, just to store Zech logarithms.

Berlekamp-Massey algorithm can work in parallel with syndrome com-
puting unit. If one iteration in Berlekamp-Massey algorithm takes time of
one cycle and syndrome unit computes syndrome value within one cycle, then
computation of error locator polynomial takes 2t + 1 cycles.
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8. Conclusions and future work

There are several decoding algorithms of Reed-Solomon code which have
different approaches for the same task. It’s hard to say which algorithm is the
best at all, for example Guruswami-Sudan algorithm can correct more errors
than other algorithms, but is also of biggest complexity, Peterson-Gorenstein-
Zierler algorithm can be efficiently implemented for small codes, Berlekamp-
Massey algorithm works constant time for any valid number of errors, but
work of similar algorithm, which is Sugiyama algorithm, is dependent from
number of errors. Each of evaluated algorithms have some advantages and
disadvantages. Evaluation of algorithms gives answer for choice of decoding
algorithm according to system requirements.

Except evaluated decoding algorithms there some more which weren’t
mentioned here like Welch-Berlekamp algorithm [23], GMD algorithm [22]
or Jiang-Narayanan algorithm [21]. Not all algorithms were implemented in
hardware, furthermore evaluated were codes with length up to 255. These
things can be objects of future researches.
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